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ALGEBRA: SEQUENCE AND SERIES
1. Find the nt term of the arithmetic progression 6, 10, 14, ...

A.2 +4n C.4+2n
B.2-4n D.4-2n

2. Find the sum up to the 10t term of the arithmetic progression 6, 10, 14, ...
A. 250 C. 240
B. 120 D. 225

3. Find the nth term of the arithmetic progression log 7, log 14, log 28, ...
A.0.845 + 0.301n C.-0.544 + 0.301n
B.0.544 + 0.301n D.-0.544 - 0.301n

4. Find the sum up to the 10t term of the arithmetic progression log 7, log 14,
log 28, ...
A.18.442 C.25.852
B. 26.397 D.21.997

Situation: Logs are stacked so that there are 25 logs in the bottom row, 24 logs in
the second row, and so on, decreasing by 1 log each row.

5. How many logs are stacked in the sixth row?

A. 21 C.19
B. 20 D. 18
6. How many logs are there in all six rows?
A. 136 C.137
B. 134 D. 135

Situation: The distance a ball rolls down a ramp each second is given by the
arithmetic sequence whose nth term 2n - 1 in feet.

7. Find the distance the ball rolls during the 10t second.

A. 18 ft. C.19 ft.
B. 20 ft. D. 21 ft.
8. Find the total distance the ball travels in 10 seconds.
A. 120 ft. C.110 ft.
B. 100 ft. D. 90 ft.

Situation: A contest offers 15 prizes. The 1st prize is P 5000, and each successive
prize is P 250 less than the preceding prize.

9. What is the value of the 15t prize?

A. 1250 C. 1500
B. 1750 D. 1625
10.What is the total amount of money distributed in prizes?
A. P 49,000 C.P 50,750
B.P 48,750 D.P 47,250

Situation: The 4th and 7th terms of an arithmetic sequence are 13 and 25.

11.Find the first term.

A1 C.2

B.3 D.5
12.Find the common difference.

A1 C.5

B. 4 D.?2
13.Find the 20t term.

A. 81 C.73

B. 77 D. 83
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14.Insert 5 arithmetic means between -1 and 23.
A.3,7,11,15,19 C.-1,3,7,11,15
B.7,10,13,16, 19 D.1,5,9,13,17

15.An object dropped from a cliff will fall 16 feet the first second, 48 feet the
second, 80 feet the third, and so on, increasing by 32 feet each second. What
does the total distance the object will fall in 7 seconds?

A. 874 ft. C. 748 ft.
B. 847 ft. D. 784 ft.

16.A besieged fortress is held by 5700 men who have provisions for 66 days. If
the garrison loses 20 men each day, how many days can the provision hold
out?

A. 70 days C. 67 days
B. 76 days D. 80 days

17.In a racing contest, there are 240 cars with fuel provision for 15 hours each.
Assuming a constantly hourly consumption for each car, how long will the
fuel provision last if 8 cars withdraw from the race every hour?

A. 72 hours C. 25 hours
B. 23 hours D. 20 hours
18.How many numbers divisible by 4 lie between 70 and 203?
A. 33 C.34
B. 35 D. 36
19.Find the sum of the numbers divisible by between 70 and 203.
A. 4848 C. 8484
B. 4488 D. 8844

20.Two men set out from a certain place going in the same direction. The first
travels at a constant rate of 8 kilometers per hour, while the second goes 4
km for the first hour, 4.5 km the second hour, 5 km the third hour, and so
on. After how many hours will the second man overtake the first?
A. 18 hours C. 17 hours
B. 20 hours D. 19 hours

21.Ten balls are placed in a straight line on the ground at intervals of 2 meters.
Six meters from the end of the row a basket is placed. A boy starts from the
basket and picks up the balls and carries them, one at a time to the basket.
How far did he walk all in all?
A.120m C.250 m
B.130m D.300m

22.Find the third term of a geometric sequence whose first term is 2 and whose
fifth term is 162.
A. 18 C.9
B.6 D. 27

23.A basketball is dropped from a height of 10m. On each rebound it rises 2/3
of the height from which it last fell. Determine the total distance travelled
until it comes to rest.

A.45m C.50 m
B.60 m D.75m
24.Find the sum of the geometric progression 2, 6, 18, ... up to the 10t term.
A. 10,682 C. 59,048
B. 177,146 D. 6,560
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ALGEBRA: SEQUENCE AND SERIES SOLUTIONS

1. Find the nt term of the arithmetic progression 6, 10, 14, ...
First Solution:
Using the formula:
a,=a; +(n—1)d
a; = 6 — first term
d = 4 - common difference
We have:
a,=6+(n—-1)4)
a, =6+4n—4
a, =2 +4n

Second Solution:

Since the relationship between a, and n is linear, hence we can use here the
STAT Mode 3-2 - A + Bx

For Linear Mathematical Model, we only need 2 points to define the function
in the form of y = A + Bx.

Input:
X y
1 6
2 10
Press AC.

Then press Shift 1 - 5 (Reg — Regression)
Then select 1: A and then select 2: B
A=2;B=4
Therefore, y = A + Bx

a, =2+4n

2. Find the sum up to the 10t term of the arithmetic progression 6, 10, 14, ...
First Solution:

By using the formula of the sum of an arithmetic progression of n terms:
_[2a; + (n = 1)d]n

n

2
. = [2(6) + (10 — 1)(4)](10)
ne 2

s, = 240

Second Solution:

From the formula, it shows that the relationship between n and s, is in
quadratic form, so we can use STAT MODE 3-3 = A + Bx + Cx?

For Quadratic Mathematical Model, we need 3 points to define the function
in the form of y = A + Bx + Cx?.

Input:
X y
1 |6
2 |6+10=16
3 |[6+10+14=30

For the sum of the first 10 terms:
Find the value of y which corresponds to the value of x = 10.
Hence 10y = 240.
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3. Find the nt term of the arithmetic progression log 7, log 14, log 28, ...

First Solution:

Simplifying:
a,=a; +(n—1)d
a, =log7+ (n—1)(log2)
a, =log7 +nlog2 —log2

7
a, = log (E) + nlog?2
a, = 0.544 + 0.301n

Second solution:
Go to MODE 3-2:

Input:
X y
1 log 7
2 |log14
Press AC.

Then press Shift 1 - 5 (Reg — Regression)
Then select 1: A and then select 2: B
A=0.544;B=0.301
Therefore,y = A + Bx
a, = 0.544 4+ 0.301n

. Find the sum up to the 10t term of the arithmetic progression log 7, log 14,
log 28, ...
First Solution:

By using the formula of the sum of an arithmetic progression of n terms:
_[2a; + (n = 1)d]n

S
n 2

_ [21og7 + (10 — 1)(log 2)](10)
Sy = 5
s, = 21.997

Second Solution:

From the formula, it shows that the relationship between n and s, is in
quadratic form, so we can use STAT MODE 3-3 - A 4+ Bx + Cx?

For Quadratic Mathematical Model, we need 3 points to define the function
in the form of y = A + Bx + Cx2.

Input:

y

log 7
log7 +log 14
log7 +log14 +1og?28

W N[ X

For the sum of the first 10 terms:
Find the value of y which corresponds to the value of x = 10.
Hence 10y = 21.997.
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Situation: Logs are stacked so that there are 25 logs in the bottom row, 24 logs in
the second row, and so on, decreasing by 1 log each row.

5. How many logs are stacked in the sixth row?

First Solution:
The relationship between the order of rows and number of logs follows an
arithmetic progression.
Let a1 be the number of logs in the bottom row, that is 25; a2 = 24; and az =
23, so that the arithmetic sequence is 25, 24, 23, ...
Therefore, the number of logs in the sixth row is:

a; =25d=-1

a,=a; +(n—1)d

ag =25+ (6-1)(—1)

ag = 20

Second Solution:

Go to MODE 3-2.

Input to the x-column the order of rows of logs and to the y-column the
number of logs in that particular row, that is:

X y
1 25
2 24

Press AC.
To solve for the number of logs in the sixth row, press 6y = 20.

. How many logs are there in all six rows?

First Solution:

By using the formula of the sum of an arithmetic progression of n terms:
_[2a; + (n—1)d]n

" 2
_[2(25) + (6 — D(=1)](6)

Sp >
s, = 135

Second Solution:

From the formula, it shows that the relationship between n and s, is in
quadratic form, so we can use STAT MODE 3-3 = A + Bx + Cx?

For Quadratic Mathematical Model, we need 3 points to define the function
in the form of y = A + Bx + Cx2.

Input:

y

25
25+24 =49
25+24+23=72

WIN =X

For the sum of the first 6 terms:
Find the value of y which corresponds to the value of x = 6.
Hence 6y = 135.
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Situation: The distance a ball rolls down a ramp each second is given by the
arithmetic sequence whose n term 2n - 1 in feet.

7. Find the distance the ball rolls during the 10t second.
First Solution:
Let: an be the distance traveled by ball in a certain interval at any nth
second
n = nth second
The distance traveled in the first second is 2n - 1; hencea; = 2(1)- 1 =
1 foot;a, = 2(2) — 1 =3 feet;d =3 — 1 = 2 feet.

Therefore, using the formula:
a,=a; +(n—1)d

We have
a,,=1+(10-1)(2)
a;o = 19 feet
Second Solution:
Go to MODE 3-2:
Input:
X y
1 1
2 3
Press AC.

Then press 10y = 19 feet.

8. Find the total distance the ball travels in 10 seconds.
First Solution:

By using the formula of the sum of an arithmetic progression of n terms:
_[2a; + (n = 1)d]n

n

2
_ 2@+ A0 -1)@)(0)

Sh >
s, = 100 feet

Second Solution:
From the formula, it shows that the relationship between n and s, is in
quadratic form, so we can use STAT MODE 3-3 - A + Bx + Cx?2

For Quadratic Mathematical Model, we need 3 points to define the function
in the form of y = A + Bx + Cx2.

Input:

y

1
1+43=4
1+3+5=9

W IN =K

For the sum of the first 10 terms:
Find the value of y which corresponds to the value of x = 10.
Hence 10y = 100 feet.
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Situation: A contest offers 15 prizes. The 1st prize is P 5000, and each successive
prize is P 250 less than the preceding prize.

9. What is the value of the 15t prize?
First Solution:
Using the formula:
a, =a; +(n—1)d
a;5 = 5000 + (15— 1)(—250)

a;s = P 1,500
Second Solution:
Go to MODE 3-2:
Input:
X y
1 5000
2 4750

Then press 15§ = P 1,500.

10.What is the total amount of money distributed in prizes?
First Solution:

By using the formula of the sum of an arithmetic progression of n terms:
[2a; + (n— 1)d]n

S.. =

n 2

o [2(5000) + (15 — 1)(—250)](15)
no 2

s, = P 48,750

Second Solution:

From the formula, it shows that the relationship between n and s, is in
quadratic form, so we can use STAT MODE 3-3 - A + Bx + Cx?2

For Quadratic Mathematical Model, we need 3 points to define the function
in the form of y = A + Bx + Cx2.

Input:

y

5000
5000 + 4750 = 9750
5000 + 4750 + 4500 = 14250

W N = | X

For the sum of the first 15 terms:
Find the value of y which corresponds to the value of x = 15.
Hence 159y = P 48,750.

Situation: The 4th and 7th terms of an arithmetic sequence are 13 and 25.

11.Find the first term.
12.Find the common difference.
13.Find the 20t term.

First Solution:
Using the formula:
a,=a; +(n—1)d
a, =13;n=4
13=a;+(4—-1)d
13 = a+ 3d - equation 1
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a; =25n=7
25=a;,+(7—-1)d

25 = a; + 6d — equation 2
a; +3d =13
{a1+6d=25

Solve simultaneously using MODE 5-1:
|1 3 13

1 6 25
a; = 1 - first term

d = 4 » common difference

Hence, the formula results to:
a,=1+(n—-1)4)

ayg =77
Second Solution:
Go to MODE 3-2:
Input:
X y
4 13
7 25

For the first term, press 1y = 1
For the common difference, press Shift- 1-5-2 - B=4
For the 20t term, press 20§ = 77

14.Insert 5 arithmetic means between -1 and 23.
Solution:
Letai =-1and a7y =23
a,=a; +(n—1)d
23=-1+4+(7—-1)d
d = 4 - common difference
Therefore, the 5 arithmetic means of -1 and 23 are 3,7, 11, 15, and 19.

15.An object dropped from a cliff will fall 16 feet the first second, 48 feet the
second, 80 feet the third, and so on, increasing by 32 feet each second. What
does the total distance the object will fall in 7 seconds?
First Solution:

Using the formula:
[2a; + (n — 1)d]n_

S, = > ;a, = 16;d =32
_ [2(16) + (7 — D(B2)](7)
Sy, =
2
s, = 784 ft

Second Solution:
Go to MODE 3-3:

Input:
X y
1 16
2 16 + 48 = 64
3 16 + 48 + 80 = 144

Then press 7§ = 784 ft.
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16.A besieged fortress is held by 5700 men who have provisions for 66 days. If

the garrison loses 20 men each day, how many days can the provision hold
out?
Solution:
To complete the provision for besieged fortress, it requires
(5700 men)(66 days) = 376,200 man — days of work.
First day: (5700 men)(1 day) = 5700 man — days
Second day: (5680 men)(1 day) = 5680 man — days
Third day: (5660 men)(1 day) = 5660 man — days
And so on.
So, from this, the sum of all man-days should be equal to 376,200 man-days.
5700 4+ 5680 + 5660 + --- = 376,200
Using the formula:
[2a; + (n— 1)d]n

n 2
[2(5700) + (n — 1)(—20)](n)
2

376,200 =
n = 76 days

17.In aracing contest, there are 240 cars with fuel provision for 15 hours each.

Assuming a constantly hourly consumption for each car, how long will the

fuel provision last if 8 cars withdraw from the race every hour?

Solution:

The total number of hours that cars can travel is equal to

(240 cars)(15 hours/car) = 3,600 hours.

First hour: (240 cars)(1 hour/car) = 240 hours.

Second hour: (232 cars)(1 hour/car) = 232 hours.

Third hour: (224 cars)(1 hour/car) = 224 hours.

And so on.

So, from this, the sum of all the time (in hours) is equal to 3600 hours.
2404 2324224+ --- = 3600

Using the formula:

_[2a; + (n = 1)d]n

[2 (24%00) + (n—1)(—8)](n)
2

3,600 =

n = 25 hours

18.How many numbers divisible by 4 lie between 70 and 203?

First solution:
The first number that is divisible by 4 after 70 is 72.
The nearest number that is divisible by 4 before 203 is 200.
Using the formula:
a,=a; +(n—1)d
200=72+ (n—1)(4)
n = 33 terms

Second solution:
The first term is a; = 72; since d = 4, we can say thata, = 72 + 4 = 76.
Using MODE 3-2:

Input:
X y
1 72
2 76

Then press 200y = 33.

10
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19.Find the sum of the numbers divisible by between 70 and 203.
First Solution:

Using the formula:
_[2a; + (n = 1)d]n

Sn >
[2(72) + (33 —1)(4)](33)
Sy, =
2
n = 4,488
Second Solution:
Go to MODE 3-3:
Input:
X y
1 72
2 72+ 76 =148
3 72+ 76 + 80 =228

Then press 33§ = 4,488.

20.Two men set out from a certain place going in the same direction. The first
travels at a constant rate of 8 kilometers per hour, while the second goes 4
km for the first hour, 4.5 km the second hour, 5 km the third hour, and so
on. After how many hours will the second man overtake the first?
Solution:
For the second man to overtake the first man, the distance traveled by
second man should be equal to the distance traveled by first man.

Let:
D = distance traveled by both men at any given time t
t = time of travel

For the first man traveling at a constant rate:
D =8t
For the second man traveling at an increasing distance per succeeding hour:

2a; + (n—1)d|n
D=[ 1+ = Dd] ja;, =4,d=0.5

[2(4) + (Zt — 1)(0.5)]t
2

Equating the two equations:
8t — [2(4) + (t—1)(0.5)]t

2

t =17 hours

21.Ten balls are placed in a straight line on the ground at intervals of 2 meters.
Six meters from the end of the row a basket is placed. A boy starts from the
basket and picks up the balls and carries them, one at a time to the basket.
How far did he walk all in all?
Solution:
The distance of the first ball to the basket is 6 m, then of the second ball, that
is6m+ 2 m =8 m, and then of the third ballis8 m + 2 m = 10 m, and so
on.

From this, we can see that the terms follow an arithmetic progression, in
which the first term, a1 = 6, and the common difference d = 2, so thatn =
10 for the 10t ball.
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Using the formula:
_[2a; + (n = 1)d]n

Sn >
[2(6) + (10 — 1)2](10)
Sp =
2
Sp = 150 m
Or by using MODE 3-3:
Input:
X y
1 6
2 6+8=14
3 6+8+10=24

Then press 10y = 150 m.

But since the boy walks back and forth, therefore the total distance he
traveled is 300 m.

22.Find the third term of a geometric sequence whose first term is 2 and whose

fifth term is 162.
First Solution:
Using the formula for the nth term of a geometric progression:
a, =a;r*?
a; = 2;a; =162
162 = 2r°71
r=3
Therefore, for the third term:
a; = 2(3)31
a; =18

Second Solution:

Geometric progression follows the mathematical model of y = ABx:
Go to MODE 3-6:

Input:

=
N <

Then press 3y = 18.

23.A basketball is dropped from a height of 10m. On each rebound it rises 2/3

of the height from which it last fell. Determine the total distance travelled
until it comes to rest.
Solution:

Distance traveled on the first fall: 10 m

Distance traveled on the second fall: 10 (z) = ? m

Thus, it follows an infinite geometric progression (r < 1).
To get the sum of the terms of an infinite geometric progression, the

formula is given as:
a1
Sp = 1 T+ 1
But since the progression starts when a; = ?, that’s because the ball
bounces, to compensate the distance traveled both upward and downward,

the total distance traveled is expressed as:

12
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20/3
D=10+2< > >

1-— /3
D=50m

24.Find the sum of the geometric progression 2, 6, 18, ... up to the 10t term.
First Solution:
From the formula of the sum of a geometric progression of n terms:

. a,;(1—-r")
R ——
a; =2;r=3
B 2(1 -39
0=y
SlO = 59,048
Second Solution:
Go to MODE 3-6:
Input:
X y
1 2
2 6

Then press Shift —1 —5—1 - A (Sto A)
Then press Shift —1 -5 —2 - B (Sto B)

Then go back to MODE 1 and then press:

10
Z(ABX) — 59 048
x=1
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ALGEBRA: WORDED PROBLEMS

1.

The difference between two numbers is 24 and their sum is 60. Find the
smaller number.

A. 20 C.18

B. 24 D. 27

Find the smaller number, when two consecutive odd numbers such that
thrice the smaller number exceeds the larger by 12.

A.10 C.7

B.5 D.9

A certain two-digit number is 1 less than five times the sum of its digit. If 9
were added to the number, its digits would be reversed. Find the number.

A 34 C.43
B. 29 D. 47

The sum of three numbers is 51. If the first number is divided by the second,
the quotient is 2 and the remainder 5; but if the second number is divided
by the third, the quotient is 3 and the remainder 2. Find the largest number.

A 14 C. 20
B. 33 D. 37

The sum of the digits of a 3-digit number is 12, the hundreds digit is twice
the unit digit. If 198 is subtracted from the number, the order of the digits
will be reversed. Find the hundreds digit.

A 4 C.2
B.6 D.0

A boy is one third as old as his brother and 8 years younger than his sister.
The sum of their ages is 38 years. How old is the boy?

A. 18 years old C. 6 years old
B. 14 years old D. 11 years old

Letty is 10 years older than Cory who is half as old as Ben. If the total of their
ages is 54 years, find the age of Ben.

A. 21 years old C. 11 years old
B. 22 years old D. 12 years old

In a film, the actor Charles Coburn plays an elderly “uncle” character
criticized for marrying a woman when he is 3 times her age. He wittily
replies “Ah, but in 20 years time I shall only be twice her age” How old is the
“uncle”?

A. 62 years old C. 60 years old
B. 58 years old D. 64 years old

A man estimates that it will take him 7 days to roof his house. A professional
roofer estimates that it will take him 4 days to roof the same house. How
long will it take if they work together?

A. 2.55 days C.2.10 days
B. 3.57 days D. 4.12 days

14
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10.If 1000 articles of a given type can be turned out by first machine in 8 hours,
by a second in 5 hours, and by a third in 4 hours, how long will it take to turn
out the articles with all machines working?
A.1.937 hours C.1.379 hours
B. 1.739 hours D. 1.793 hours

11.A new machine that deposits cement for a road requires 12 hours to
complete a one-half mile section of road. An older machine requires 16
hours to pave the same amount of road. After depositing cement for 4 hours,
the new machine develops a mechanical problem and quits working. The
older machine is brought into place and continues the job. How long does it
take the older machine to complete the job?

A.11.667 hours C.10.667 hours
B. 12.333 hours D. 10.333 hours

12.John drove to a distant city in 5 hours. When he returned, there was less
traffic, and the trip took only 3 hours. If John averaged 26 kph faster on the
return trip, how fast did he drive each way?

A.42.125 kph C.37.325 kph
B. 40.875 kph D. 39 kph

13.Suzi drove home at 60 kph, but her brother Jim, who left at the same time,
could drive at only 48 kph. When Suzi arrived, Jim still had 60 kilometers to
go. How far did Suzi drive?
A. 250.667 km C.300 km
B. 320 km D. 225 km

14.Two cars leave Pima Community College traveling in opposite directions.
One car travels at 60 kph and the other at 64 kph. In how many hours will
they be 310 kilometers apart?
A. 3 hours C. 3.5 hours
B. 2.5 hours D. 1.75 hours

15.0ne morning, John drove 5 hours before stopping to eat. After lunch, he
increased his speed by 10 kph. If he completed a 430-km trip in 8 hours of
driving time, how fast did he drive in the morning?

A. 35 kph C. 65 kph
B. 30 kph D. 50 kph

16.A motorboat goes 5 km upstream in the same time it requires to go 7 km
downstream. If the river flows at 2 kph, find the speed of the boat in still
water.

A. 10 kph C.12 kph
B. 13.33 kph D. 60 kph

17.A plane can fly 340 kph in still air. If it can fly 200 kilometers downwind in
the same amount of time it can fly 140 kilometers upwind, find the velocity
of the wind.

A. 10 kph C.12 kph
B. 13.33 kph D. 60 kph

18.A plane leaves an airport traveling at an average speed of 240 kilometers
per hour. How long will it take a second plane traveling the same route at an
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average speed of 600 kilometers per hour to catch up with the first plane if
it leaves 3 hours later?

A. 2 hours C. 3 hours

B. 1 hour D. 5 hours

19.Marlene rides her bicycle to her friend Jon’s house and returns home by the
same route. Marlene rides her bike at constant speeds of 6 kph on level
ground, 4 kph when going uphill and 12 kph when going downbhill. If her
total time riding was 1 hour, how far is it to Jon’s house?
A.5km C.7 km
B. 8 km D.3 km

20.An executive flew in the corporate jet to a meeting in a city 1500 kilometers
away. After traveling the same amount of time on the return flight, the pilot
mentioned that they still had 300 kilometers to go. The air speed of the plane
was 600 kilometers per hour. How fast was the wind blowing? (Assume that
the wind direction was parallel to the flight path and constant all day.)

A.50 kph C. 75 kph
B. 40.125 kph D. 66.667 kph

21.A car radiator has a 6-liter capacity. If the liquid in the radiator is 40%
antifreeze, how much liquid must be replaced with pure antifreeze to bring
the mixture up to a 50% solution?

A.40L C.2.7L
B.3.1L D.1.0L

22.An automobile engine can run on a mixture of gasoline and a substitute fuel.
If gasoline costs P 3.50 per gallon and the substitute fuel costs P 2 per gallon,
what percent of the mixture must be substitute fuel to bring the cost down
to P 2.75 per gallon?

A.10% C.50%
B.25% D. 66.67%

23.How many liters of water must evaporate to turn 12 liters of a 24% salt
solution into a 36% solution?

A 4L C.2.7L
B.3.1L D.1.0L

24.A forester mixes gasoline and oil to make 2 gallons of mixture for his two-
cycle chainsaw engine. This mixture is 32 parts gasoline and 1-part two-
cycle oil. How much gasoline must be added to bring the mixture to 40 parts
gasoline and 1-part oil?

A. 0.5 gal C.1.939 gal
B. 0.061 gal D. 1.059 gal

25.How many ounces of pure gold that costs P850 per ounce must be mixed
with 25 ounces of a gold alloy that costs P 500 per ounce to make a new alloy
that costs P 725 per ounce?
A. 45 ounces C. 30 ounces
B. 50.125 ounces D. 39 ounces

26.How many grams of pure silver must a silversmith mix with a 45% silver
alloy to produce 200 grams of a 50% silver alloy?
A.181.818 grams C.118.292 grams
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B. 18.181 grams D.81.818 gram

27.Athow many minutes after 3:00 p.m. will the minute hand overtake the hour
hand?

A.3:16:21.82 pm C.3:32:43.38 pm
B. 3:08:10.55 pm D. 3:04:05.27 pm

28.At what time between 4 and 5 o’clock are the hands of a clock opposite each
other?
A. 4:45:27.16 C.4:31:49.05
B. 4:54:32.73 D. 4:40:54.32

29.At what time between 4 and 5 o’clock are the hands of a clock coincident?
A.4:27:16.36 C.4:21:49.09
B.4:12:16.36 D. 4:08:10.91

30.At what time between 4 and 5 o’clock are the hands of a clock at right angles
for the first time?
A. 4:05:27.27 C.4:38:10.91
B. 4:43:38.18 D. 4:49:05.45

31.It is between 3 and 4 o’clock, and in 20 minutes the minute hand will be as
much after the hour hand as it is now behind it. What is the time?
A. 3:13:38.18 C. 3:09:05.45
B. 3:06:21.82 D. 3:14:32.73

32.A woman invests P 37,000, part at 8% and the rest at 9.5 % annual interest.
If the 9.5% investment provides P 452.50 more income than the 8%
investment, how much is invested at the 8% rate?

A.P 19500 C.P 20250
B.P 17500 D.P 22500

33.Machine to mill a brass plate has a setup cost of P 600 and a unit cost of P3
for each plate manufactured. A bigger machine has a setup cost of P800 but
a unit cost of only P2 for each plate manufactured. Find the break point.
A. 200 C.250
B. 300 D. 600

34.A man has three sums of money invested, one at 12%, one at 10%, the last
at 8%. His total annual income from three investments is P 2,100. The first
investment yields as much as the other two combined. If he could receive
1% more on each investment his annual income would be increased by P
202.50. How much is his investment at the 12 % interest?

A.P 5000 C.P 6500
B.P 8750 D.P 6875

35.An investment of P 4600 is made at an annual simple interest rate of 6.8%.
How much additional money must be invested at an annual simple interest
rate of 9% so that the total interest earned is 8% of the total investment?
A. P 4475 C.P 6625
B. P 5000 D.P 5520

36.A and B submitted separate proposals for the construction of a bridge, A
offering a lower price for the winning bid. Had A and B reduce their bid
prices by 5% and 10% respectively, A would still have won the bid, but the
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difference in their bids would have been reduced by 3000 pesos. If the sum
total of the bids is 90000 pesos, what is the bid of A?

A.P 50000 C.P 40000
B.P 62500 D.P 27500

37.Two pipes are used to fill a water storage tank. The first pipe can fill the tank
in 4 hours, and the two pipes together can fill the tank in 2 hours less time
than the second pipe alone. How long would it take for the second pipe to

fill the tank?
A. 4 hours C. 2 hours
B. 2.5 hours D. 5 hours

38.Scott and Laura have both invested some money. Scott invested P3,000
more than Laura and at a 2% higher interest rate. If Scott received P800
annual interest and Laura received P400, how much did Scott invest?

A. P 3000 C.P 2500
B. P 8000 D.P 10500

39.0ne of the important cities of the ancient world was Babylon. Greek
historians wrote that the city was square-shaped. Its area numerically
exceeded its perimeter by about 124. Find its dimensions in miles.
A. 9.31 miles C. 8.94 miles
B. 6.94 miles D. 13.31 miles

40.Small fishing boat heads to a point 24 km downriver and then returns. The
current moves at the rate of 3 kilometers per hour. If the trip up and back
takes 6 hours and the boat keeps a constant speed relative to the water,
what is the speed of the boat?
a. 8 kph C.9 kph
B. 12 kph D. 4 kph
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ALGEBRA: WORDED PROBLEMS SOLUTIONS
Number Problems
1. The difference between two numbers is 24 and their sum is 60. Find the
smaller number.
Solution:
Let x = first number
Let y = second number

{X—y=24
x+y =60
X =42
y =18

Therefore, the two numbers are 18 and 42.

2. Find the smaller number, when two consecutive odd numbers such that
thrice the smaller number exceeds the larger by 12.
Solution:
Let:
x = smaller odd number
X + 2 = larger odd number

From the statement, it follows that:
3x=(x+2)+12
Solving for the value of x:
x=7
Xx+2=9
Therefore, the answer is 7.

3. A certain two-digit number is 1 less than five times the sum of its digit. If 9
were added to the number, its digits would be reversed. Find the number.
Solution:

Let x = tens digit; y = units digit
represent a two-digit number in terms of its digit:
Number = 10x +y
From the statement,
10x+y=5x+y)—1
10x+y+9 =10y + x — equation 1
Simplifying equation 1 we have,
5x —4y = —1 - equation 1
9x — 9y = —9 — equation 2
Simplifying equation 2 we have,

x—y = —1 — equation 2
Solving equations 1 and 2 simultaneously:
{SX —4y=-1
x—y=-1
x =3y =4

Therefore, the number is 34.
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4. The sum of three numbers is 51. If the first number is divided by the second,

the quotient is 2 and the remainder 5; but if the second number is divided
by the third, the quotient is 3 and the remainder 2. Find the largest number.
Solution:
Let x = first number
Let y = second number
Let z = third number

x+y+z=>51- equation 1

>

= 2 +— — equation 2

y

y .

= = 3 +— — equation 3

Z v/

Simplifying equation 2:

[x 5 ] @)
y 'y y

x—5=2y

x — 2y = 5 — equation 2

Simplifying equation 3:

y=3z+2
y — 3z = 2 — equation 3
Solving simultaneously:

x+y+z=>51

{ x—2y=5
y—3z=2

x =33

y =14

z=4

The largest number is 33.

. The sum of the digits of a 3-digit number is 12, the hundreds digit is twice

the unit digit. If 198 is subtracted from the number, the order of the digits
will be reversed. Find the hundreds digit.
Solution:
Let x = hundreds digits
Let y = tens digit
Let z = units digit

Xx+y+z=12

X = 2%

100x + 10y +z — 198 = 100z + 10y + x

Xx+y+z=12
x—2z=0
99x — 99z = 198

Solving simultaneously:

x=4
y==6
zZ=2

Thus, the number is 462. The hundreds digit is 4.
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6. A boy is one third as old as his brother and 8 years younger than his sister.
The sum of their ages is 38 years. How old is the boy?

Solution:

Let x = boy’s age

Let y = brother’s age
Let z = sister’s age

x=2
3
x=7z—28
z+y+z=38
3x—y=0
Xx—z=-—8
x+y+z=38

X = 6 years old
y = 18 years old
z = 14 years old

7. Letty is 10 years older than Cory who is half as old as Ben. If the total of their

ages is 54 years, find the age of Ben.

Solution:

Let x = Letty’s age
Lety = Cory’s age
Letz = Ben’s age

x=y+10
Z
y=3
Xx+y+z=>54
x—y=10
2y—z2=0
Xx+y+z=>54
x =21 - Letty
y =11 - Cory

Z =22 - Ben

8. In a film, the actor Charles Coburn plays an elderly “uncle” character
criticized for marrying a woman when he is 3 times her age. He wittily
replies “Ah, but in 20 years time I shall only be twice her age” How old is the

“uncle”?
Solution:

Let x = uncle’s age; y = woman's age

Present age | Age after 20 years
Uncle X x+20
Woman y y+20
x =3y

(x + 20) = 2(y + 20)

{x—3y=0
x—2y =20

x = 60 years old
y = 20 years old
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Work Problems

9. A man estimates that it will take him 7 days to roof his house. A professional

roofer estimates that it will take him 4 days to roof the same house. How
long will it take if they work together?

Solution:

Rate of man =1/7

Rate of Professional Roofer = 1/4

Let: t = time to complete the whole job

Combined rate = % + i

Therefore,
(1 4 1)t —1
7 4)
11t B
28
t = 2.55 days

10.If 1000 articles of a given type can be turned out by first machine in 8 hours,

by a second in 5 hours, and by a third in 4 hours, how long will it take to turn
out the articles with all machines working?
Solution:

Rate of first machine =

x| =

1
Rate of second machine = <

Rate of third machine = 7

t = time to complete the 1000 articles
(1 + ! + 1) t=1
8 5 4/
t =1.739 hours

11.A new machine that deposits cement for a road requires 12 hours to

complete a one-half mile section of road. An older machine requires 16
hours to pave the same amount of road. After depositing cement for 4 hours,
the new machine develops a mechanical problem and quits working. The
older machine is brought into place and continues the job. How long does it
take the older machine to complete the job?

Solution:
1
Rate of new machine = 1
1
Rate of old hine = —
ate of old machine e

t = number of hours the older machine to complete the job

- 4) + 1 t)=1
12() 16()_
t=10.667 hours
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Motion Problems
12.John drove to a distant city in 5 hours. When he returned, there was less
traffic, and the trip took only 3 hours. If John averaged 26 kph faster on the
return trip, how fast did he drive each way?
Solution:
Let:
x = velocity of John in driving to a distant city in kph
X + 26 = velocity of John when he returns in kph
Using the basic equation:
distance = velocityXtime
d = 5x — equation 1
d = (x+ 26)(3) — equation 2
Equating:
5x = (x+26)(3)
x = 39 kph

13.Suzi drove home at 60 kph, but her brother Jim, who left at the same time,

could drive at only 48 kph. When Suzi arrived, Jim still had 60 kilometers to
go. How far did Suzi drive?
Solution:
Velocity of Suzi = 60 kph
Velocity of Jim = 48 kph
t = time of travel of Suzi to go home

ds = 60t = Suzi

d; = 48t - Jim
Since Jim is 60 km behind Suzi, therefore:

60t = 48t + 60

t = 5 hours
Therefore, the distance traveled by Suzi is:

ds = 60(5) = 300 km

14.Two cars leave Pima Community College traveling in opposite directions.
One car travels at 60 kph and the other at 64 kph. In how many hours will
they be 310 kilometers apart?
Solution:
Speed of car 1 = 60 kph

Speed of car 2 = 64 kph
Distance traveled by car 1 = 60t
Distance traveled by car 2 = 64t

The total distance traveled by the two cars is 310 km:
60t + 64t = 310

t = 2.5 hours
Visit Forl\r/nl(l)irgil%IFRSEE\;{)!)llE(yv AND TUTORIAL CENTER 23
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15.0ne morning, John drove 5 hours before stopping to eat. After lunch, he

increased his speed by 10 kph. If he completed a 430-km trip in 8 hours of
driving time, how fast did he drive in the morning?
Solution:
Let:
x = speed of John in the morning
x + 10 = speed of John after lunch
distance covered by John in the morning: d; = 5x
distance covered by John after lunch:d, = (x + 10)(3)
Adding two distances,

5x + 3(x + 10) = 430

x = 50 kph

16.A motorboat goes 5 km upstream in the same time it requires to go 7 km

downstream. If the river flows at 2 kph, find the speed of the boat in still
water.

Solution:

Distance traveled upstream = 5 km

Distance traveled downstream = 7 km
Speed of river’s current = 2 kph
Let: Vg = speed of boat in still water
Hence,
speed of boat going upstream = Vg — 2
speed of boat going downstream = Vg + 2
Let: t = time of travel
Therefore,
(Vg —2)(t) =5
Vg+2)) =7
Dividing the equation, we have,

(Vg —=2)() 5
Vs +2)(© 7
Vg—2 5
Vg+2 7

Vg = 12 kph

17.A plane can fly 340 kph in still air. If it can fly 200 kilometers downwind in

the same amount of time it can fly 140 kilometers upwind, find the velocity
of the wind.

Solution:

Speed of plane in still air = 340 kph

Distance traveled in downwind = 200 km
Distance traveled in upwind = 140 km

Let: Vi = speed of wind

Relative speed of plane in downwind = (340 + V)
Relative speed of plane in upwind = (340 - V)
Let: t = time of travel

Distance traveled in downwind,
(340 + vV, )t = 200
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Distance traveled in upwind,
(340 — V)t = 140
Dividing the equation to eliminate t:
(340 + V)t 200
(340 — V)t 140
(340 +V,,) 200
(340 —V,,) 140
Vi, = 60 kph

18.A plane leaves an airport traveling at an average speed of 240 kilometers
per hour. How long will it take a second plane traveling the same route at an
average speed of 600 kilometers per hour to catch up with the first plane if
it leaves 3 hours later?

Solution:
Speed of the first plane = 240 km/hr

Speed of the second plane = 600 km/hr
Let: t = time for the second plane to catch up the first plane

For the second plane to catch up the first plane, the distance traveled by the
first plane must be equal to the distance traveled by the second plane.
distance traveled by first plane = 240(t + 3)
distance traveled by second plane = 600t
Equating,
240(t+ 3) = 600t
t = 2 hours after the second plane leaves

19.Marlene rides her bicycle to her friend Jon’s house and returns home by the
same route. Marlene rides her bike at constant speeds of 6 kph on level
ground, 4 kph when going uphill and 12 kph when going downhill. If her
total time riding was 1 hour, how far is it to Jon’s house?
Solution:
Speed on level ground = 6 kph

Speed on uphill = 4 kph
Speed on downhill = 12 kph

Let:

s1 = distance traveled by bicycle on level ground in going to Jon's house
s2 = distance traveled by bicycle on uphill in going to Jon’s house

s3 = distance traveled by bicycle on downhill in going to Jon’s house

By equation:

s=vt
S
t=-—
\
S
L = time traveled on level ground in going to Jon’s house

S
Zz = time traveled uphill in going to Jon's house

S

é = time traveled downhill going to Jon's house
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Hence, the total travel time in going to Jon’s house is:
S1 S22 S3

6 4 12

When returning home:

S
€1 = time traveled on level ground returning home

S

é = time traveled downhill returning home
S

13 = time traveled uphill returning home

Hence, the total travel time returning home is:
S1 , S2 | S3

6 1273

Note that the speed for uphill and downhill will be interchanged, because all

uphill will become downhill if you return in that same route, vice versa, and

on level ground on course same speed.

Hence,
Si1 Sz S3 S1 S S3
—4+—=+=)+(=+—=+—=)=1h
(6 4 12) (6 12 4) our
St Sz  S3
|
3 3 3

S;1 +S; +s3 =3 Kkm

20.An executive flew in the corporate jet to a meeting in a city 1500 kilometers
away. After traveling the same amount of time on the return flight, the pilot
mentioned that they still had 300 kilometers to go. The air speed of the plane
was 600 kilometers per hour. How fast was the wind blowing? (Assume that
the wind direction was parallel to the flight path and constant all day.)
Solution:
Total distance between two places = 1500 km
Speed of plane in air = 600 km/hr
Let: Vi = speed of the wind
Since the return flight the plane was not able to complete the 1500 km
distance, on the same amount of time to go on that place, we can conclude
that the plane travels slower on return flight. Hence we can say that the
plane travels against the wind.
Total speed of plane against the wind = (600 - V)
Total speed of the plane along the wind = (600 + V)
Let: t = time of travel
(600 + V,,)t = 1500
{(600 — V)t = 1200

Dividing the equation to eliminate t:

(600 +V,,) 1500

(600 —V,,) 1200

V,, = 66.67 kph
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Mixture Problems
21.A car radiator has a 6-liter capacity. If the liquid in the radiator is 40%
antifreeze, how much liquid must be replaced with pure antifreeze to bring
the mixture up to a 50% solution?
Solution:
Let: x = amount of pure antifreeze to be substituted
Amount of antifreeze in the original solution = 6(0.4) = 2.4 L
The amount of antifreeze that will remain in the solution if we draw a
volume equal to amount of pure antifreeze, before replacing a pure
antifreeze is:
2.4 —0.4x

And putting the pure antifreeze in the solution, hence the amount of
antifreeze in the solution will become

2.4 —0.4x+ x(1) = 0.5(6)

x = 1 liter

22.An automobile engine can run on a mixture of gasoline and a substitute fuel.
If gasoline costs P 3.50 per gallon and the substitute fuel costs P 2 per gallon,
what percent of the mixture must be substitute fuel to bring the cost down
to P 2.75 per gallon?
Solution:
Let:
x = volume of gasoline in every 1 gallon of solution
y = volume of substitute fuel in every 1 gallon of solution

Hence,
x+y =1 - eq.by volume
{3.5){ + 2y = 2.75 - eq. by total cost
Solving simultaneously,

x = 0.5 gal
y = 0.5 gal
Therefore,
25820 _ 5006 of gasol
Tgal o of gasoline
0.5 gal .
= 50% of substitute fuel
1 gal

23.How many liters of water must evaporate to turn 12 liters of a 24% salt
solution into a 36% solution?
Solution:
Let: X = amount of water to be evaporated
The amount of salt after evaporation will remain the same hence,
0.36(12 —x) = 2.88
x = 4 liters
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24.A forester mixes gasoline and oil to make 2 gallons of mixture for his two-
cycle chainsaw engine. This mixture is 32 parts gasoline and 1-part two-
cycle oil. How much gasoline must be added to bring the mixture to 40 parts
gasoline and 1-part oil?

Solution:
Let:
x = volume of gasoline in original solution
y = volume of oil in original solution
Xx+y=2
x 32

y 1
Hence the system of equation will become
X+y=2
{x —32y =0
x = 1.939 gal of gasoline
y = 0.061 gal of oil

Let:
z = amount of gasoline to be added
1.939+z 40
0.061 1
z = 0.50 gal

25.How many ounces of pure gold that costs P850 per ounce must be mixed
with 25 ounces of a gold alloy that costs P 500 per ounce to make a new alloy
that costs P 725 per ounce?
Solution:
Let x = weight of pure gold to be mixed with 25 ounces of gold, in ounce
cost of pure gold in the new alloy = 850x
cost of 25 ounces of gold alloy in the new alloy = 25(500) = 12500

Hence,
850x + 12500 = 725(x + 25)
X = 45 ounces

26.How many grams of pure silver must a silversmith mix with a 45% silver
alloy to produce 200 grams of a 50% silver alloy?
Solution:
x = mass of pure silver
y = mass of 45% silver alloy
x +y = 200 - equation due to total mass of alloy

X + 0.45y = 0.5(200) — equation due to total amount of silver

Hence, solving simultaneously,
x = 18.18 grams — pure silver
y = 181.818 grams — 45% silver
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Clock Problems
27.Athow many minutes after 3:00 p.m. will the minute hand overtake the hour

hand?
Solution:
Let: x = time in minutes after 3:00 pm
In one hour, the minute hand rotates 360 degrees, or:

rate of minute hand = 360°/hour = 6°/minute
On the other hand, the hour hand rotates 30 degrees in one hour, or:

rate of hour hand = 30°/hour = 0.5°/minute

If we relate the rate of the two hands, we can say that in one unit the minute
hand travels, the hour hand only travels one-twelfth of a unit.

12
11 1 15\
10 2
9 3 X
12
8 4
7 5
6
Referring to the figure:
X
15+—==
12~ "
x=16.36

Therefore, the answer is 3:16:21.82 pm.

28.At what time between 4 and 5 o’clock are the hands of a clock opposite each
other?
Solution:
Let: x = time after 4 o’clock

Referring to the figure:

X
20+E+30=X

x = 54.55

Therefore, the time is 4:54:32.
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29.At what time between 4 and 5 o’clock are the hands of a clock coincident?
Solution:
Let x = time after 4 o’clock

Referring to the figure:

20 + x
12- %
x = 21.82 min

Therefore, the time is 4:21:49.09.

30.At what time between 4 and 5 o’clock are the hands of a clock at right angles
for the first time?
Solution:

Let: x = time after 4 o’clock

Referring to the figure:

Therefore, the time is 4:05:27.27.
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31.It is between 3 and 4 o’clock, and in 20 minutes the minute hand will be as
much after the hour hand as it is now behind it. What is the time?
Solution:
Let x = time in minutes after 3 o’clock

Referring to the figure:
Time now (solid line):

X
0=15+-——x

12
Time in 20 minutes (broken line):
(x+20)
= 20) =15 ———
0 =(x+20) 5 17
Equating the two equations will yield to:
X (x+ 20)
15+E—X— (X+20)—15—T

X =6.36
Therefore, the time is 3:06:21.82.

Investment Problems
32.A woman invests P 37,000, part at 8% and the rest at 9.5 % annual interest.

If the 9.5% investment provides P 452.50 more income than the 8%
investment, how much is invested at the 8% rate?
Solution:
Let:
x = amount interested at 8%
y = amount interested at 9.5%

x+y=37000

0.095y = 0.08x + 452.50

{x = 17500

y = 19500

33.Machine to mill a brass plate has a setup cost of P 600 and a unit cost of P3
for each plate manufactured. A bigger machine has a setup cost of P800 but
a unit cost of only P2 for each plate manufactured. Find the break point.
Solution:
Let x = number of brass plate
For break point, the total manufacturing cost for smaller machine must be
equal to the total manufacturing cost for bigger machine.
Total manufacturing cost for smaller machine = 600 + 3x
Total manufacturing cost for bigger machine = 800 + 2x

600 + 3x = 800 + 2x

x =200
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34.A man has three sums of money invested, one at 12%, one at 10%, the last

at 8%. His total annual income from three investments is P 2,100. The first
investment yields as much as the other two combined. If he could receive
1% more on each investment his annual income would be increased by P
202.50. How much is his investment at the 12 % interest?
Solution:
Let:
x = amount invested at 12%
y = amount invested at 10%
z = amount invested at 8%
Total annual income from three investments = 2100
0.12x + 0.10y + 0.08z = 2100 — equation 1

First investment yields as much as the other two:
0.12x = 0.10y + 0.08z — equation 2
Receiving 1% more on each investment, his annual income would be
increased by P 202.50:
0.13x + 0.11y + 0.09z = 2302.50 — equation 3

Solving the three equations, simultaneously:
0.12x + 0.10y + 0.08z = 2100
{ 0.12x— 0.10y — 0.08z =0
0.13x+ 0.11y + 0.09z = 2302.50

Solving simultaneously, we have

x = 8750
{y = 6500
z = 5000

35.An investment of P 4600 is made at an annual simple interest rate of 6.8%.

How much additional money must be invested at an annual simple interest
rate of 9% so that the total interest earned is 8% of the total investment?
Solution:

Let: x = amount invested at 9%
Income from 6.8% interest =4500(0.068) = 312.80
Total income = 312.80 +0.09x = 0.08(x + 4600)

x =P 5520

36.A and B submitted separate proposals for the construction of a bridge, A

offering a lower price for the winning bid. Had A and B reduce their bid
prices by 5% and 10% respectively, A would still have won the bid, but the
difference in their bids would have been reduced by 3000 pesos. If the sum
total of the bids is 90000 pesos, what is the bid of A?
Solution:
Let:
x = bid of A; y = bid of B
Original difference in their bid =y - x
Difference when their bid priced reduced = 0.9y - 0.095x
Since the bid will reduce by 3000, hence:

0.9y — 0.95x =y —x— 3000
Simplifying,

0.05x — 0.1y = —3000 — equation 1

And the sum of their bid is 90000

x+y =90000 — equation 2

32
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Solving simultaneously,
X =40000;y = 50000

Non-Linear Problems

37.Two pipes are used to fill a water storage tank. The first pipe can fill the tank
in 4 hours, and the two pipes together can fill the tank in 2 hours less time
than the second pipe alone. How long would it take for the second pipe to

fill the tank?

Solution:
Time for the first pipe to fill the tank alone = 4 hours

Let: t = time for the second pipe to fill the tank alone
Hence:

rate of the first pipe =

NI

1
rate of the second pipe = <

Working together, the equation becomes:

(-1

t = 4 hours

38.Scott and Laura have both invested some money. Scott invested P3,000
more than Laura and at a 2% higher interest rate. If Scott received P800
annual interest and Laura received P400, how much did Scott invest?
Solution:
Let:
X = amount Laura invested
x + 3000 = amount Scott invested
y = rate of interest for Laura’s investment
y + 0.02 = rate of interest for Scott’s investment
xy = 400 — income of Laura
(x+3000)(y + 0.02) = 800 — amount of Scott
From the first equation:
400
T ox

400
(x + 3000) (T + 0.02) = 800

y

x = 5000 — amount Laura invested
x + 3000 = P 8000 — amount Scott invested

39.0ne of the important cities of the ancient world was Babylon. Greek
historians wrote that the city was square-shaped. Its area numerically
exceeded its perimeter by about 124. Find its dimensions in miles.
Solution:
Let: x = side of the city
x? = 4x + 124

X = 13.31 miles
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40.Small fishing boat heads to a point 24 km downriver and then returns. The
current moves at the rate of 3 kilometers per hour. If the trip up and back
takes 6 hours and the boat keeps a constant speed relative to the water,
what is the speed of the boat?
Solution:

Let:

Vg = speed of boat in still water
Distance traveled = 24 km

Total speed downstream = Vg + 3
Total speed upstream = Vg - 3
Let: t1 = time of travel upstream

(VB - 3)t1 = 24
o 24
17 v -3

Let: t; = time of travel downstream
24

The total time of travel is:
t; +t, = 6 hours

Substituting:
24 N 24 6
Vg—3 Vg+3
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ALGEBRA: POLYNOMIALS, PARTIAL FRACTIONS AND INEQUALITIES
1. What will be the result when the polynomial x® + x” + 3x* — 1 is divided
by x* — 3x3 + 4x + 1?
A.x* 4+ 7x3 + 2x% + 11x + 81 ; Rem. 14x3 — 140x? — 360x — 83
B.x* +x3 +x% + 2x 4+ 82; Rem. 111x3 — 150x? — 30x — 80
C.x* + 4x3 + 12x?% + 32x + 82; Rem. 194x3 — 140x? — 360x — 83
D.x* + 5x3 4+ 8x? + 2x + 2; Rem. 360x — 83

2. What is the result when the polynomial 2x* — 6x3 + 7x2 — 5x + 1 is
divided by x + 27
A. 2x3 — 10x? + 27x — 59; Remainder 119
B. 2x3 — 2x? + 3x + 1; Remainder 3
C.2x3 + 10x? — 27 + 59; Remainder — 119
D. 2x3 + 2x? — 3x — 1; Remainder — 3

3. What is the result when the polynomial 2x* — 3x3 + 8x2 —5x + 1 is
divided by 3x + 27

2 13 98 43
Alx3 _By2 28,331 Remalnder—

3 9 27 81 243

2 13 331 43
B.2x3 - By2 48, 331 Remalnder—

3 9 27X 81’ 243

2 13 08 331 743
C.ox3 ——=x?+4+—=x—= Remalnder——

3 9 27 81’ 243

2 13 98 331 743
D.2x3 —=x%? 4+ Z=x —= Remalnder——

3 9 27 81’ 243

4. What is the remainder when 2x* + 9x3 - 5x? — 5x + 7 is divided by

X + i?
A. 14 + 14i C.—14 + 4i
B. 4 + 14i D. 14 + 14i

5. Find the cubic Equation whose roots are 0, 1, and 2.

A. x3 + 3x% + 2x C.x3 —3x?% —2x
B.x3 — 3x% + 2x D.x3 + 3x?% — 2x

6. Find the quadric equation with rootsi,—i,1 +i,and 1 —i.

Ax* —x34+2x%2—-2x+2 C.2x* —2x3 +3x%2 —2x+2
B.x*—2x3+3x%2 —x+2 D.x* —2x3 4+ 3x%2 —2x+2

7. The length of a FedEx 25-kg box is 7 inches more than its height. The width
of the box is 4 inches more than its height. If the volume of the box is 4,420
cubic inches, find the height of the box.

A. 12 inches C. 15 inches
B. 13 inches D. 10 inches

8. Find the quadratic equation whose sum of the roots is 5 and whose
product of the root equal to 6.
A.x>—5x+6 C.x*+5x+6
B.x> —5x—6 D.x?2+5x—6

9. Letf(x) = x®> + ax* — 3x3 + bx — 4. If f(x) is divided by x + 2, the
remainder is 10, when divided by x + 4 the remainder is -344. What is
the value of a?

A5 C.2
B.-2 D.-5
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10.Determine the value of A and B:

Ox + 2 A B
(x+2)(3x—2) ~x+2 3x=2
AA=2;B=3 CA=3;B=2
B.A=-2;B=3 D.A=3;B=-2
11.Determine the value of A, B and C:
5x?> —25x+ 8 A B C

Gx+2)(x—3)72 3x+2 x-3 x—3)?

12.Determine the value of A, B and C:
2x*+x+1 A Bx+C

x3 +x _;+X2+1
1 CA=1B=1;C=-1
DA=1;B=-1;C= -1

1;B
1;B

1;
1;C

I
=l

)

A A
B.A

13.Determine the value of A, B, C, and D:
3x+5x+5 Ax+B Cx+D
(x2 + 1)2 _x2+1+(x2+1)2
2; D=3 CA=0;B=3;C=5;
3; D=0 D.A=2;B=5;C=0;

5;B ;
3;B

0;C
2:C

A A
B.A ;
14.Determine the value of A, B, C, D and E:
4x* —7x3 +5x2 —x+1 A Bx+C Dx + E
(2x — 1) (x2 —x + 1)? _Zx—1+X2—X+1+(X2—X+1)2
AA=2B=0;C=1;,D=-2,E=1
BA=2,B=2,C=0D=-2,E=1
CA=2,B=-1;C=0;D=-2,E=1
DA=2B=1;,C=0;D=-2,E=1

15.Solve for x:

5(x—4) > 25
A.x<9 C.x>9
B.x>1 D.x<1
16.Solve for x:
—4(x+3) =16
Ax< -7 C.x=>-7
B.x<7 D.x=>7

17.Solve for x:
4<2x—8<10

A6<x<9 C.6<x<9
B.—-9<x< -6 D-9<x<6
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18.Solve for x:

Ax>2
B.x<?2

19.Solve for x:

Al=>x=>12
B.—12<x<-1

20.Solve for x:

A—-2<x<3
B.-3<x<?2

21.Solve for x:

A-3<x<4
B.x=-5-3<x<4

22.Solve for x:

A-5<x<7
B.—-7<x<9

23.Solve for x:

13 7
Ax>——Ux=>-
2 2

vl 1V

B.x< 12—3 Uux >
24.Solve for x:

A.[2,5) U (5,8]
B.[2,5] U [5,8]

25.Solve for x:

A.X>E
2

B.X>—E
2
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24+x<3x—2<5x+2
C.x>-2
D.x< -2

x?—13x+12<0
C—-1<x<12
D.1<x<12

X+3<0

X— 2
C—3<x<2
D.2<x<3

x2+10x+25<

x2—x—12 —
C—4<x<-3
D.x=-5,-4<x<3

lx—2| <7
C-5<x<9
D.-7<x<7
2x+ 3
A

C.XSEUXZ—Z
2 2

D.XS—EUX>Z
2 2

0<|x—5/<3
C.[—-2,5) U (5,8]
D.[—-2,5] U [5,8]

|x+ 2| > |x+ 1]

3
Cx<-=
2

D.x<—E
2
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ALGEBRA: POLYNOMIALS, PARTIAL FRACTIONS AND INEQUALITIES
SOLUTIONS
1. What will be the result when the polynomial x® + x” + 3x* — 1 is divided

byx* — 3x3 + 4x + 1?
First Solution:

Conventional:
x4 +4x3  4+12x® +32x +82
x* —3x3 +4x +1|x8 +x7 +3x* -1
x8 —3x7 +4x5  +x*
4x7 —4x>  42x* -1
4x7 —12x° +16x*  +4x3
12x® —4x> —14x* —4x3 -1
12x® —36x° +48x3  +12x2
32x°> —14x* —-52x3 —12x% -1
32x°> —96x* +128x% +32x
82x* —52x3 —140x® —-32x -1
82x* —246x3 +328x +82
194x3 —140x® —360x —83

Hence, the answer is:

x* +4x3 + 12x% + 32x + 82
And the remainder is:

194x3 — 140x? — 360x — 83

Second Solution:
Using the form:

p(x) r(x)
g0~ 9 e
Where:
p(x) = dividend
g(x) = divisor
Q(x) = quotient
r(x) = remainder

p(x) = QX)g(x) +r(x)

We can use the choices to check which among them satisfies equality for a
certain value:

p(x) =x8+x" +3x* -1

g(x) =x*—-3x3+4x+1

For choice a:
Qx) =x*+7x3 + 2x? + 11x + 81
r(x) = 194x3 — 140x? — 360x — 83
Try a test value, say x = 3:
Go to MODE 1 and type:
x8+x7+3x*—1
And then CALC x = 3 then press =
Then the answer will be 8990.
Hence,
p(x) = 8990
For g(x), go to MODE 1 and type:
x*—3x3+4x+1

38
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Then press CALC x = 3:
Then the answer will be 13.
Hence,
g(x) =13
For Q(x), go to MODE 1 and type:
x*+7x3 +2x% + 11x + 81
Again, press CALC x = 3:
The answer will be 402.
Hence,
Q(x) =402
For r(x), go to MODE 1 and type:
194x3 — 140x? — 360x — 83
Again, press CALC x = 3:
The answer will be -2045.
Hence,
r(x) = —2045

And then check:

p(x) = Qx)gx) + r(x)

8990 = (402)(13) + (—2045)

8990 + 3181

Therefore, a is not the answer.

For convenience, adopt x = 3 for all trial value so that p(x) = 8990 and g(x) =
13 are the same for all choices.

For choice b:
p(x) = 8990,g(x) =13
Qx) =x*+x3+x?*+2x+82atx=3

Q(x) = 205
r(x) = 111x3 — 150x? —30x — 80 atx = 3
r(x) = 1477

p(x) = Qx)gXx) + r(x)
8990 = (205)(13) + 1477
8990 + 4142

Therefore, b is not the answer.

For choice c:
p(x) =8990,g(x) =13
Qx) =x*+4x3+12x>+32x+82atx =3

Q(x) = 475
r(x) = 194x3 — 140x? — 360x — 83 atx = 3
r(x) = 2815

p(x) = Qx)g(x) + r(x)
8990 = (475)(13) + 2815
8990 = 8990

Therefore, c is true.

MEGAREVIEW AND TUTORIAL CENTER 39

Visit For more Pdf's Books
Pdfbooksforum.com



Visit For more Pdf's Books
Pdfbooksforum.com

CIVIL ENGINEERING MATHEMATICS BOARD EXAMINATION REVIEW BOOK

For choice d:
p(x) =8990,g(x) =13
Qx) =x*+5x3+8x*+2x+2atx=3

Q(x) = 296
r(x) =360x—83atx =3
r(x) =997

p(x) = Q(X)gXx) + r(x)
8990 = (296)(13) + 997
8990 + 4845

Therefore, d is not the answer.

Since c is the only choice that satisfies the equality and the remaining 3
choices are false then our answer is letter c.

Note: In doing this technique be sure that only one choice satisfies the
equality, if more than one choice satisfies, try to use another trial value.

2. What s the result when the polynomial 2x* — 6x3 + 7x? — 5x + 1 is divided
by x + 2?7
Solution:
Use synthetic division:
2 |2 6 7 -5 1
-4 20 -54 118
2 -10 27 -59 119

The answer is:

2x* — 6x3 + 7x%> —5x+ 1 119
=2x3+10x% +27x—59 + ——
X+ 2 X+ 2

3. What s the result when the polynomial 2x* — 3x3 + 8x? — 5x + 1 is divided
by 3x + 27
Solution:
Before performing synthetic division, divide both numerator and
denominator by 3:

1 2 8 5 1
4 _ 943 2 _ 1 L4 3 2 _2 =
(2x* — 3x° + 8x 5x+1)(3)=3x X° +3xX° —3x+3
1 2
(3x+2)(3) X+
By synthetic division:
2 2 -1 8 5 1
3 3 3 3 3
4 26 196 662
9 27 81 243
2 13 98 331 743
3 9 27 81 243
Therefore, the answer is:
2 8 5 1 743
3X'—x*+3x*—3x+3 2 . 13 , 98 331 373
2 3 T Xty v 2
X+3 X+o
3 3
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4. Whatis the remainder when 2x* + 9x3 - 5x* — 5x + 7isdividedby x +
i?
Solution:
Using Remainder Theorem:
Go to MODE 2 (Complex Mode) to evaluate:
2x* 4+ 9x3 — 5x? — 5x + 7 when x = —i
Because the calculator cannot evaluate x4, the equation must be typed this
way:
2x3x +9x3 —5x2 — 5x+ 7
Hence,
2x3x +9x3 —5x? — 5x+ 7 atx = —i
The answer is 14 + 14i.

5. Find the cubic Equation whose roots are 0, 1, and 2.
Solution:
Using factor theorem:
xx—-1)x-2)=0
x> —-x)(x—-2)=0
x3—2x>—x?>+2x=0
x3-3x>+2x=0

6. Find the quadric equation with rootsi,—i,1 +i,and 1 —i.

First Solution:

Using factor theorem:
x-Dx+ i)(x -1+ i))(x -1 - i)) =0
- -A-Dx—-A+Dx+Q+DA-D)=0
X+1DE2—x+ix—x—ix+1—-i+i—i?) =0
x2+1D)*-2x+2)=0
x*—=2x3+2x2+x%2-2x+2=0
x*-2x3+3x3-2x+2=0

Second Solution:

Try the choices using remainder theorem to check if the given roots are really
roots of an equation.

Using MODE 2, type and press CALC for the values of x:

Choice a:

x3x —x3 4+ 2x?> —2x+2whenx =i
The value is 1 - i (remainder not zero)
Therefore, a is not an answer.

Choice b:

2x3x — 2x3 + 3x? — 2x+ 2 whenx =i
The value is 1 (remainder not zero)
Therefore, b is not an answer.
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Choice c:

x3x — 2x3 4+ 3x? —x+ 2whenx =i
The value is i (remainder not zero)
Therefore, c is not an answer.

Choice d:
x3x — 2x3 + 3x? — x+ 2 when x = i,value is 0 — root
x3x — 2x3 4+ 3x? —x+ 2 when x = —i,valueis 0 - root
x3x — 2x3 4+ 3x? —x+ 2whenx = 1 + i, the valueis 0 — root
x3x — 2x3 4+ 3x? —x+ 2whenx = 1 — i, the valueis 0 — root

Since all given roots were roots of equation in choice d, therefore the answer
is d.

The length of a FedEx 25-kg box is 7 inches more than its height. The width
of the box is 4 inches more than its height. If the volume of the box is 4,420
cubic inches, find the height of the box.

Solution:

Let:

x = height of the box
Length = x+ 7
Width=x+4
V = lwh
440 =x(x+7)(x+ 4)
Solving using Shift-Solve: x = 13 inches.

Find the quadratic equation whose sum of the roots is 5 and whose product
of the root equal to 6.
Solution:

X2 —(r; +r)x+rr, =0

x2—-5x+6=0

Let f(x) =x®>+ax*—3x3+bx—4. If f(x) is divided by x + 2, the
remainder is 10, when divided by x + 4 the remainder is -344. What is the
value of a?
Solution:
By remainder theorem:
f(=2) =10
(=2)>+a(=2)*—3(-2)*+b(-2)—4=10
16a—2b—-12=10
16a — 2b = 22 - equation 1

f(—4) = —344

(—4)° + a(—4)* — 3(—4)3 + b(—4) — 4 = —344
256a — 4b — 836 = —344

256a — 4b = 492 - equation 2

Solving simultaneously, go to MODE 5-1:
a=2
b=5

42
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10.Determine the value of A and B:
9x + 2 A B

K+2)(3x—2) x+2 3x-2

Solution:
To solve for A, multiply both sides of the equation by (x + 2):
Ox + 2 X+ 2
3x—2 8 (3x — 2)
Substitute x = -2 to eliminate B:
9(—2) +2
3(-2)—-2
A=2

To solve for B, multiply both sides of the equation by (3x - 2):

9x + 2 3x—2
=A><< >+B
X+ 2 X+ 2
2
9(3)+2

Substitute x = 2/3 to eliminate A:
+
3

A

Il UJI[\J

B

11.Determine the value of A, B and C:
5x%? — 25x+ 8 B A N B N C
(Bx+2)(x—3)2 3x+2 x-3 (x—3)2

Solution:
To solve for A, multiply both sides of the equation by (3x + 2):
5x* —25x +8 B(3x+2) C(3x+2)
x-37 T Tx—3 Tx-37

Substitute x = -2/3 to eliminate B and C:

To solve for C, multiply both sides of the equation by (x - 3)2:
5x%2 —25x+8 A(x—3)?
(3x+2) = 3x+42
Substitute x = 3 to eliminate A and B:
5(3)2—25(3)+8 _

+B(x—-3)+C

(B3 +2)
C=-2
To solve for B, let x = 0: (you can substitute any value except-2/3 and 3)
5(0)2 —25(0) + 8 B 2 N B 2
(3(0)+2)(0-3)2 3(0)+2 0-3 (0-23)2
4 B 2
9 =~ 3 9
B=1
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12.Determine the value of A, B and C:
2x%> +x+1 A Bx+C

x3+x X + x2+1
Solution:
To solve for A, multiply both sides of the equation by x:
2x* +x+1 (Bx + O)x
x2+1 + x2+1
Substitute x = 0 to eliminate B and C:
200°+0+1
02+1
A=1

To solve for B and C, multiply both sides of the equation by (x? + 1):
2x* +x+1 _ A(x*+1)

+ Bx+C
X X
Substitute x = ito eliminate A:
2i2+i+1 _
f =Bi+C
1+i=Bi+C
Equate real to real, and imaginary to imaginary:
Bi =i
B=1
cC=1

13.Determine the value of A, B, C, and D:
3x*+5x+5 Ax+B Cx+D
D2 K+l 2t 1)
To solve for C and D, multiply both sides of the equation by (x? + 1)2:
3x2+5x+5=(Ax+B)(x?+ 1)+ Cx+D
Substitute x = i to eliminate A and B:
31 +5i+5=Ci+D
2+5i=Ci+D
Equate real to real, imaginary to imaginary:
Ci =5i
C=5
D=2

To solve for B, let x = 0 to eliminate A:
3(0)>+5(0)+5 A(0)+B 5(0)+2

(02+1)2 02+1 +m2+D2
5=B+2
B=3

To solve for A, letx = 1:
3(D*+5(1)+5 A +3  5(1)+2

(12+1)2 1241 (124 1)2
13 A+3 7
4 2
A=0
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14.Determine the value of A, B, C, D and E:
4x* —7x3 +5x2 —x+1 A Bx + C Dx + E
2x— 1?2 —x+1)2 - 2)(—1+x2 —-x+ 1+ x2 —x+1)2
Solution:
To solve for A, multiply both sides of the equation by (2x — 1):
4x* —7x° +5x —x+1 (Bx+0)(2x—-1) ((Dx+E)(2x—1)
O TR ———— o —x+ 1)2

Substitute x = 1/2 to eliminate B, C, D, and E:
3 2

)~ Q) +s() 41

(&) -3+1)

=A

A=2

To solve for D and E, multiply both sides of the equation by (x? —x + 1)%:
4x* —7x* +5x* —=x+1 A(X* —x+1)?

+(Bx+C)(x*—x+1)+Dx+E

(2x—1) 2x—1
Using MODE 5-3, solve for the roots of x> — x + 1:
1 V3 1 3
X=§+71;E—71

Substitute x = %+ \/Z—gi to eliminate A, B, and C: (Note: x* should write as

either of x3x or x2x% and use MODE 2)
4x* —7x3 +5x% —x+1  A* —x+1)?

+ (Bx+C)(x*—x+1)+Dx+E

(2x—1) - 2x—1
1 3
0—V3i=D(z+—i|+E
2 2
Equate real to real, and imaginary to imaginary:
D
0==+4+E
> +
DV3
—V3i=—i
2
D=-2
E=1
To solve for C, let x = 0:
4(0)*—7(0)*+5(0)>—-0+1 B 2 N B(0) +C N -200)+1
2(0)-1)(02-0+1)2  2(0)—1 02—0+1 (02—0+1)2
—1=-24+C+1
C=0
To solve for B, let x = 1:
4(D* =71 +5(1)*-1+1 2 N B(1)+0 N -2(1)+1
QD -1DA2-1+12  2(D-1 12—-1+1 (12-1+1)2
2=2+B-1
B=1
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15.Solve for x:
5(x—4) > 25
Solution:
5(x—4) > 25
(x—4)>5
X>9

16.Solve for x:
—4(x+3) =16
Solution:
—4(x+3) =16
x+3)< -4
x < -7

17.Solve for x:
4<2x—8<10

Solution:
41<22<"2_8 2x -8 <10
| 2x<18
6 <x < <9
X>6 -

Getting the intersection: 6 <x < 9

18.Solve for x:
2+X<3x—2<5x+2
Solution:
24+x<3x—2<5x+2

24+x<3x—2|3x—2<5x+2
4 < 2x —4 < 2x
2<X —2<Xx

2<xand -2 <x
Therefore,2 <xN-2<x - x> 2.

19.Solve for x:

x2—13x+12<0
Solution:
For inequalities of polynomial equation, rewrite the inequalities, such that
the right side is zero.

x2—13x+12<0
For polynomials, get the zero of polynomial

x2—13x+12=0

x-—-1Dx-12)=0
Thus, the rootsarex=1and x=12.

Interval Test Value Result Remarks

(—o0,1] Say x =0 1250 All m_lmbers in this interval is not a
solution

[1,12] Say x = 3 18 <0 All n.umber in this interval is a
solution

[12, 00) Say x = 13 1250 All ngmber in this interval is not a
solution
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Therefore,
1<x<12
20.Solve for x:
x+3
— <0
Solution:
For rational inequality, rewrite the equation such that the right side is zero.
x+3
— <0

For rational inequality, get the zero and the asymptote.
Thus, getting the zero:

X+ 3 _
X—2
Xx=-3
And getting the asymptote;
x—2=0
X =2
Interval Test Value Result Remarks
_ 2 All numbers in this interval is not
(=o0,=3) | Sayx=-5 7 7 0| 4 solution
_ 3 All number in this interval is a
(-3,2) Sayx=0 | — > <0 | solution
12, 0) Sayx =3 6>0 All nqmber in this interval is not a
solution
Therefore,
—3<x<2
21.Solve for x:
x? 4+ 10x + 25
X2 —x—12 —
Solution:
x? + 10x + 25
x2—x—-12 —
Solving for the zeroes,
x? + 10x + 25 B
X2 —x—12
x> +10x+25=0
X =-5
Solving for asymptotes,
x> —x—12=0
x=-3,x=4
Interval Test Value Result Remarks
1 All numbers in this interval is not
(—oo,=5] | Sayx=-6 30° 0 | a solution
1 All number in this interval is not a
(-5,-3) Say X = -4 g~ 0 | solution
25 All number in this interval is a
(=3,4) Sayx=0 | — 12 <0 | solution
25 All number in this interval is not a
(4, ) Sayx=>5 s 0 | solution
Therefore,

x=-5-3<x<4
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22.Solve for x:

Ix—2| <7
Solution:
Ix—2| <7
It is equivalent to:
—-7<x—-2<7
—-5<x<9
23.Solve for x:
2x+3
| 7>12
2
Solution:
2x+3
> |+7212
2x+3
b
|(2X;-3S_5 2)(2-|-325\I
42x+3<—102x+3>—10¥
2x < —13 2x =7
L XS—% XZ% J
Therefore,
x<—EUx>z
-2 2

24.Solve for x:
0<|x—5|<3
Solution:

The inequality 0 < |x - 5| < 3 consists of two consecutive inequalities that can
be solved separately. The solution will be the intersection of the inequalities.
0< |x—5]and |[x—5]| <3

The inequality 0 < |x - 5] is true for all numbers except 5.
The inequality |x - 5| < 3 is equivalent to the inequality,
—3<x-5<3
2<x<8
The solution set is the intersection of these two solutions, which is the
interval [2, 8] except 5. This is the union of the two intervals [2, 5) and (5, 8].

25.Solve for x:
|x + 2| > |x+ 1|
Solution:
|x + 2| > |x+ 1|
Squaring both sides to eliminate the absolute value:
X2 +4x+4>x*+2x+1

2x > —3
S 3
X273
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ALGEBRA: BINOMIAL EXPANSION
1. Find the 5% term in the expansion of (2x — 3y?)3.
A.72576x*y8 C.90720x*y®
B. —90720x*y8 D. —72576x%y®

2. Find the sum of the coefficients in the expansion of (3x + y — 2z)°.
A. 32 C.—-32
B.-7776 D.7776

3. Find the sum of the coefficients in the expansion of (3x* +y — 2)*.
A. 16 C.32
B.0 D.—-16

4. Find the term involving x°y®in the expansion of (x3 + 2y?)°®.

A.160y°® C.—160y°
B. 160x°y® D. —160x°y®
5. Find the term involving y?z in the expansion of (3x + y? — z)3.
A. 18x%y?z C. —54x%y?z
B. —18xy?z D. —54xy?z
4
6. Find the constant term in the expression(x — z) :
A. 16 C.—-24
B.—16 D. 24

7. The second term in the expansion of (4x — y)"is Cx*y. Find C.
A. 120 C. =560
B. 2560 D.—-1280

8. In the expansion of (Ax + By)®, find the value(s) of A if the sum of all
numerical coefficients is 32 and the product of A and B is -24.
A.-4and 6 C.4
B. 6 and 4 D.-8

9. Find the middle term in the expansion of (x® — y?)3°.
A.155117520x%°y3° C. —155117520x%0y3°
B. —145422675xy3° D. 145422675x%0y3°

10.In the expansion of (Ax + By)*, find the value(s) of A if the sum of all
numerical coefficients is 625 and the coefficient of the middle term is 216.

A.+1,2,3,+6 C.1,+£2,+3,6
B.+1,+2,43,1+6 D.1,2,3,6
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ALGEBRA: BINOMIAL EXPANSION SOLUTIONS
1. Find the 5% term in the expansion of (2x — 3y?)3.
Solution:
Using the formula:

rth term = (r il 1) (a)n—r+1(b)r+1

n=2_8
a=2x
b = —3y?
r=5

We have,
8
5th term = (5 i 1) (2x)8-5+1(—3y2)5-1

5th term = (i) (2x)*(—3y*)*

5th term = 70(16x*)(81y?®)
5th term = 90720x*y?®

2. Find the sum of the coefficients in the expansion of (3x + y — 2z)°.
Solution:
By substituting 1 for all variables:
Bx+y—22)5=[3)(1)+1-2)]° =32

3. Find the sum of the coefficients in the expansion of (3x% +y — 2)%.
Solution:
By substituting 1 for all variables:
Note: The last term in the expansion of this term is a constant term;
therefore, you will subtract it to the value computed. Thus,
2x*+y—-2)*=[B)M+1-2]*-(-2)*=0

4. Find the term involving x%in the expansion of (x3 + 2y?)®.
Solution:
Using the formula:

rth term = (r I_l 1) (a)n—r+1(b)r+1

n==~6
a=x3
b = 2y?

Equating the exponents of the variables:
X9 — (X3)6—r+1 (2y2)r—1
X9 — (X3)7—r(2y2)r—1
9=3(7—-r)
Solving forr:r = 4
Therefore,
6
4th term = (4 B 1) (x3)6-4*1(2y?)*1
6
4th term = (3) (x?)(2y?)3

4th term = 20(x%)(8y®)
4th term = 160x°y®
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5. Find the term involving y?z in the expansion of (3x + y? — z)3.
Solution:
Using the formula:

rth term = (r il 1) (a)n—r+1(b)r+1

n=3
a=3x+y?
b=-z

Equating the exponents of the variables:

3
yzz — (r ” 1) (3x + y2)3—r+1(_z)r—1

Equating exponents of z:

1=r—-1
r=2
Therefore,
3
<2 3 1) (3x + y2)3-2+1(—z)?1
3
(7) Gx+ vy
For (3x + y?)2:

y2 = <r3 1) (3x)2T+1 (y2)r-1

Equating exponents of y:

2=2(r—1)
r=2
Therefore,
(,2 )eore = () eoiedt
2—1 1
2
<2 - 1) (3x)272+1(y2)2~1 = 6xy?
Finally,

(2 oo = ()owrx-n

<2 i 1) (6xy2)(=2)! = —18xy?z

4
6. Find the constant term in the expression(x — E) :
Solution:
n
— n-r+1 r+1
rth term = (r _ 1) (a) (b)

Equating the exponents of the variables:
XO — (X)4—r+1(x—1)r—1

x0 = X5—r . xTTHL
0=G-r+(r+1)
0=6—-2r
r=3
Therefore,
4 2\?
3rd term = ( )(x)4‘3+1(—2x‘1)3—1 = ( )(X)Z (_ _) — 24
3—-1 2 X
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7. The second term in the expansion of (4x — y)"is Cx*y. Find C.

Solution:
— n n-r+1 r+1
rth term = (r B 1) (a) (b)
r=2
a=4x
b=-y

2nd term = (2 E 1) (4x)""2+1 (—y)2+1 = (rll) (4x)""1(—y)?

Equating the exponents of x:

x4 = xh-1
4=n-1
n=
Therefore,
5 5
(2 B 1) (4X)5—2+1(_y)2—1 — (1) (4X)4—(_y)1 — _1280X4y
~C=-1280

8. In the expansion of (Ax + By)°®, find the value(s) of A if the sum of all
numerical coefficients is 32 and the product of A and B is -24.
Solution:

By substituting 1 to all variables:
(Ax + By)® = [(A)(1) + (B)(D)]° = 32
(A+ B)> =32
A+ B =2 — equation 1
A-B=-24

24 _
B=-— N — equation 2

Substitute equation 2 to equation 1:

A+ ( 24)—2
=)=

A2 =24 =2A
A2—2A—24=0
(A—6)(A+4) =0

A-6=0/A+4=0
A=6 [ A=—-4
B=-4 B=6

Therefore,
A=—-4andA=6

9. Find the middle term in the expansion of (x® — y?)3°,
Solution:
Since n = 30, therefore there are 31 terms, and the middle term is the 16t
term.

rth term = (r il 1) (a)n—r+1(b)r+1

n=30;r=16
a=x°
b= —y?
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We have,

30
16th term = <15> (x29)(—y3°) = —155117520x°%y30

16th term = <

10.In the expansion of (Ax + By)*, find the value(s) of A if the sum of all
numerical coefficients is 625 and the coefficient of the middle term is 216.
Solution:
By substituting 1 to all variables:
(Ax + By)* = [(A)(1) + (B)(1]* = 625
(A+ B)* =625
A+ B =45 - equation 1
Since n = 4, there are 5 terms, and the middle term is the 314 term.
Hence,

rth term = (r il 1) (a)n—r+1(b)r+1

n=4
r=3
a=Ax
b = By
4
3rd term = <3 B 1) (Ax)*3*1(By)3*1

3rd term = (:) (Ax)?(By)?

Equating the coefficients:

6A%B? = 216
A*B? =36
AB = +6

6
B=+ A — equation 2
Substituting equation 2 to equation 1:
6
A+ <+ —> = 45
3 T
A% +6 = +5A
A*F5A+6=0

Case 1: A2 —5A+6=0

A2 —-5A+6=0;A=2;A=3
Case2: A2+ 5A+6=0

A2+5A+6=0;A=-2;A=-3
Case3:A>—5A—-6=0

A2—-5A—-6=0;A=-1;A=6
Case4:A>+5A—-6=0

A2+5A-6=0;A=—-6A=1
Therefore,

A={+1,+2,43,+6}
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ALGEBRA: COMPLEX NUMBERS
1. fA=3+iand B=-2-3j find A + B.
A1+ 2i C.—1-2i
B.1-2i D.—1+2i

2. fA=1+2iand B =2 - 3j,find A-B.
A.—1+5i C.—1-2i
c.1-—5i D.—1-75i

3. fA=—-2—-5iand B =1 - 2j, find AXB.
A.1+12i C.12 +1i
B.—12 +1i D.—12 —i

4. fA=1+3iandB=—1+3i findg.

4 3, 3 4,

A -+ -1 C.=—-i
5 5 5 5
4 3, 3

B.-—=i D.=+-i
5 5 5

5. IfA=3+2i,B=5+10iand C = 4— 9i find == x(B - C).

2356 | 1324, 2356 1234,

A — 2350 182y c 2356 _ 1234y

97 97 97 97
2356 1324, D, _ 2356 _ 1324,
" 97 97 97 97

6. 11972583 js also equal to __?

A.i C.—1

B. —i D. 1

7. Evaluate (%! + i? + i3 + j64)©5,
A1 C.i
B. —i D.0

8. What is the polar form of 3 + 4i?
A.54£53.13° C.—54£36.87°
B.—54£53.13° D.52£36.87°

9. Convert —1 + 2i to exponential form.

A. \/562'034i C. \/ge—2.034i
B. \/56—0.464i D. \/36—0.4644

10.Evaluate (1 + i),
A.—128 + 128i C.256
c.0 D. 256 — 256i

11.Evaluate (2 — 3i)°2.
A. —1.35x10°* — 1.11x10°%§ C.—1.35x10°! + 1.11x10°%j
B.1.11x10°! — 1.35x10°%i D.—1.11x10% + 1.35x10°%j

12.Solve for the 3t principal value of x in the equation: x3 = 64.
A.2 4+ 2V3i C.—2 — 2v/3i
B. 4 D.2 — 2v/3i
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13.(5 — 121)3/4 =7? (third principal root)

A.4.35—5.29i
B. —5.29 — 4.35i

14.il =7
A. 4.8105
B.V2/2++2/2i

15.(it)' =2
Ai
B.0.2079

16.(2 — 3! =2
A.0.7597 + 2.5616i
B. 2.5616 — 0.7597i

17.(3 — 4i)B+4) =2
A. —4442.53 4 2509.95i
B. 4442.53 — 2509.95i

18.Ini =?
AZi
B.

NlaN

194/i =2
A. 48105
B. —i

20.log;(—5) =?
A.1—-0.5122i
B. 1.0246 + 2i

21.sini =?
A.1.5431
B. 1.5431i

22.cos(1 + 2i) =?
A.2.0327 — 3.0519i
B. —1.0192i

23.tan(3 — 2i) =?
A. 1.2829i
B. 1.2829

24.0ne of the solutions of sin~1i =?

A — ln(l + \/2)1
B.T[—ln(l —\/f)i

C.4.35 + 5.29i
D.5.29 + 4.35i

C.0.2079
D.—v2/2—+/2/2i

C.-1i
D. 4.8105

C.2.5616 + 0.7597i
D.—0.7597 + 2.5616i

C.4442.53 + 2509.95i
D. —4442.53 — 2509.95i

C.4.8105
D. 0.2079

C.i
D.0.2079

C.2 —1.0246i
D.m — 1.6094i

C.1.1752i
D.1.1752

C. 5.0846i
D.5.0846

C.—0.0099 — 0.9654i
D.—-1.2829

C.In(1 +v2) — mi
D.In(1—+2) —mi
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25.cos"1(3 + 4i) =?
A.2.3055 — 0.9368i C. —2.3055 4+ 0.9368i
B.0.9368 — 2.3055i D.0.9368 + 2.3055i

26.sinh(1 +i) =?
A.0.6350 + 1.2985i C.—0.6350 — 1.2985i
B. —0.6350 + 1.2985i D.0.6350 — 1.2985i

27.tanh™ (=2 + 3i) =?
A.0.1469 + 1.3390i C. —0.1469 — 1.3390i
B.0.1469 — 1.3390i D. —-0.1469 + 1.3390i
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ALGEBRA: COMPLEX NUMBERS SOLUTIONS
1. fA=3+iand B = -2 —3j, find A + B.
Solution:
For operations involving complex numbers, go to MODE 2 (COMPLEX
MODE)
Press the following keys:

A+B
Then press CALC.
Your calculator will ask you for the value of A and B, respectively:
A7A=3+i
B?B=-2-3i
Then press =

The answer will be 1 — 2i.

2. fA=1+2iand B =2 — 3j, find A - B.
Solution:
Press the following keys:

A-B
Then press CALC.
Your calculator will ask you for the value of A and B, respectively:
A?A=1+12i
B?B=2-3i
Then press =

The answer will be —1 + 5i.

3. fA=—-2—-5iand B =1 — 2j, find AXB.
Solution:
Press the following keys:

AXB
Then press CALC.
Your calculator will ask you for the value of A and B, respectively:
A?A =-2-75i
B?B=1-2i
Then press =

The answer will be —12 —i.

4. fA=1+3iandB=—1+3i, findg.

Solution:
Press the following keys:

Then press CALC.

Your calculator will ask you for the value of A and B, respectively:
A?A=1+3i
B?B = -1+ 3i

Then press =

) 4 3,
The answer will be - i.
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5. IfA=3+2i,B=5+10iand C = 4— 9i find == x(B - C).

Solution:
Press the following keys:
A+B
< ®79
Then press CALC.
Your calculator will ask you for the value of A and B, respectively:
A?A =3+ 2i
B?B =5+ 10i
C?C=4-9i
Then press =
The answer will be — 22° — 2324 = —24.29 — 13.65i.
. 11072583 jg also equal to __?
Solution:
Remember that:
it =i
i2=-1
i3 =-1
i‘t=1

Any exponent that is a multiple of 4 gives a value of 1.
Therefore,
j1072583 — j4(268145)+3 — j4(268145) . {3 = (1)(j)3 =

The answer will be —i.

—i

. Evaluate (i + i%% + i3 + i%%)65,

Solution:
(T +i%2 +i® +i)% =[i+ (-1 + (=) +1]* = 0% =0
The answer will be 0.

. What is the polar form of 3 + 4i?

First Solution:
From the formula:

b
r£0 = (a + bi); wherer = /a2 + bZ2and 8 = tan™? (g> in degrees

We have,
r=+324+42=5
4
0 =tan~! <§> = 53.13°
Therefore,

3+ 4i =54£53.13°
Second Solution:
Type this in your calculator:
3+ 4i
And then press SHIFT-2-3 = r«0
The answer will be 5253.13°
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9. Convert —1 + 2i to exponential form.
Solution:
From the formula:

. b
re'® = (a + bi); wherer = /a2 + b?; 8 = tan™?! <§) in radians
We have:
= JCDP 2 =5

2
0 =tan?! <—> = 116.57°-

= 2.034
-1

i
180°
Therefore,

—1 + 2i = \/5e2034

10.Evaluate (1 + i),
First Solution:
Convert 1 + i into polar form:

1
1+i=+12+122tan™" <I> = V2245°
Using Power of Complex Numbers:
(r£®)™ =r"4nb
We have,
(VZ245°)" = (V2) *£16(45°)
(V2245°) " = 25622(360°)
(V2£45°)"° = 25620°

(V2245°)"° = 256

Second Solution:
By typing this in your calculator:
ASASASASASA
And then press CALC.
Note that your calculator does not recognize exponents greater than 3.

Your calculator will ask you for the value of A:
A?A=1+i

Then press =

The answer is 256.

11.Evaluate (2 — 3i)°2.
Solution:
Change 2 — 3i to polar form:

3
tan~! (— E) = —56.31° > STO A
2 —3i =22 + (=3)2zA

2 —3i =132 — 56.31°

(2—30)% = (VI3)  292(~56.31°)
(2 — 30)%2 = 1396 £(92A)
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Change to rectangular form:

13%6,£(92A)
Then press SHIFT 2-4 = a + bi
The answer will be —1.35x10%! — 1. 11x105%i.

12.Solve for the 3t principal value of x in the equation: x3 = 64.
Solution:

Using De Moivre’s Formula:

11 (6 + 360°k

[r£0]n = rnz );k =0123,..,(n—1)

n
We have,
1 1
(64 + 0i)3 = (64£0°)3
r =64
n=3
0 =0°
When k = 0:
L 1 0°4 360°(0)
(64 + 0i)3 = 6432 3 =4,0°=4
When k = 1:
1 1 0°+360°(1
(64 + 0i)3 = 643~ 3 O =4,120° = =2 + 2/3i
When k = 2:
1 1 0°+4+ 360°(2
(64 + 0i)3 = 6432 > @ _ 44240° = —2 — 24/3i

Therefore, the 3t principal root is —2 — 2+/3i.

13.(5 - 121)3/4 =? (third principal root)

Solution:
(5 — 12i) %2 = [(5 — 121)3] 4
(5 — 12i)%/a = [(132 — 67.38°)3] /a
(5 — 12i)*/a = [13323(—67.38°)] /4
(5 — 120)%a = [21972 — 202.14°]3
(5 — 12i)¥s = [21972157.86°]
When k = 0:

157.86° + 360°(0)

2 = 6.852£39.46° = 5.29 + 4.35i

(5 —12i)%a = 21974,

When k=1:
—202.14° 4+ 360°(1)

2 = 6.852129.46°

(5 —12i)/4 = 219742
= —4.35 + 5.29i
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When k = 2:
—202.14° + 360°(2
(5 —12i)%a = 21974, 7 @) _ 6.852 — 140.54°
— —5.29 — 4.35i
When k = 3:
—202.14° + 360°(3
(5 —12i)%a = 21972 3 _ 6.852 — 50.54°

4
= 4.35 — 5.29i

Therefore, the 34 principal root is —5.29 — 4. 35i.

14.i' =?
Solution:
i' = (0+1)
it = (1290°)!
ii = (eT[/Zi)l
ii = e_T[/Z
i =0.2079
15.(ii)' =7
Solution:
(i") = [0+ D]!
(i) = [(1290%)]
(1) =[]
(i)' = (e72)
(i)' = ()
(1) =i
16.(2 — 3i)! =2
Solution:

(2 - 3i)' = (V132 - 56.31°)
(2 — 3i)i = (\/1_3e—0.9828i)1

(2 _ 3i)i — (eln\/ﬁ—o.9828i)i

(2 - Si)i — 0.9828+InV13i

(2 _ 3i)i — 0.9828 , eln\/Ei

(2 —3i)' = 2.6719 - e1-28%51

(2 —3i)! = 2.6719.73.48°

(2 -3i)' =0.7597 + 2.5616i
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17.(3 — 4i)B+4) =7

Solution:
(3 — 4i)3*) = (52 — 53.13°)G+4)
(3 - 41)(3+4i) — (56—0.92731)(3+4i)
(3 — 4i)B+4) = (eln 5—0.92731)(3+4i)
(3 — 4i)3+4D) = ¢(In5-0.9273)(3+4D)
(3 — 4i)B+4D) = ¢8:5374+3.6559i
(3 — 4i)(3+4D) = 85374 . 365591
(3 — 40)G+4) = 5102.54,209.47°
(3 — 4i)3+4) = 4442.53 — 2509.95i
18.Ini =?
Solution:
Ini=1In(0 +1)
Ini=1In (egi)
Ini = Ei
2
19.i =?
Solution:
Vi=i'

Vi=(0+0"
{/i = (en/Zi)l/i

v_i = eT[/Z
Vi=4.8105
20.log;(—5) =?
Solution:
log(—5)
l (— =
0gi(—5) logi
In(=5)
l (— =
0gi(—5) Ini
In(—=5 + 0i)
l (— = —
°81(=) = 0+ D)
In(5e™
log;(—5) = (—n)
In (efl)
ln eln5+‘l‘[i
log;(—5) = (—'r[)
In (efl)
In5 4+ mi
logi(=5) = —7—
71
log;(=5) = 2 — 1.0246i
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21.sini =?
Solution:
Note:
By Euler’s Formula:
el® = cosB +isinO
e 1% = cos—0 +isin—0 = cosH —isinO

Let O = ix:
e ®* = cosix + isinix
e* = cosix —isinix

Adding these two equations:
e*+ e =2cosix
eX +e”*
2
cosix = coshx
Subtract the second equation to the first equation, we have:

cosix =

eX —e™®* = —2isinix
eX —e7X
sinix = -
—2i
. . . eX - e_x
sinix=1——
2

sinix = isinh x

When x=1:
sini = isinh1
sini = 1.1752i

22.cos(1 + 2i) =?
Solution:
cos(1 + 2i) = cos(1) cos(2i) — sin(1) sin(2i)
cos(1 + 2i) = cos(1) cosh(2) — sin(1) i sinh(2)
Note: Put your calculator into radian mode:
cos(1+ 2i) =2.0327 — 3.0519i

23.tan(3 — 2i) =?

Solution:
_ sin(3 — 2i)
tan(3 — 2i) = m
3 —20) = sin(3) cos(2i) — cos(3) sin(2i)
tan(3 = 2i) = cos(3) cos(2i) + sin(3) sin(2i)
_sin(3) cosh(2) — cos(3) isinh(2)
tan(3 — 2i) =

cos(3) cosh(2) + sin(3) isinh(2)

Note: Put your calculator into radian mode:
tan(3 — 2i) = —0.0099 — 0.9654i
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24.0ne of the solutions of sin~1i =?

Solution:
Let:
y =sinti
Therefore,
siny =i
Note:
sinix = isinh x
Let:
x=1
i
We have,
. (.Y . y
sin (1 . T) = isinh (T)
sin(y) = isinh(—iy)
But,
siny =i
Therefore,

isinh(—iy) =i
sinh(—=iy) =1
Applying identities of hyperbolic functions:
—sinhy = sinh(—y)

Hence,
—sinh(iy) =1
sinh(iy) = —1
eV —e W
R
2
eV —e W =-2
Multiply both sides by e'V:
e?ly — 1 = —2ely

e’V +2eV—-1=0
Go to MODE 5-3 (3:aX? + bX+c = 0)

a=1
b=2
c=-1
Solving for the roots:
e = -14+2

Since there are two roots, there are also two values of y:
For the first root:
el = —1++2
Get the natural logarithm of both sides:
In(eV) = In(—-1 + Vv2)
iy = —0.8814
y = 0.8814i
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For the second root:
e =In(—1-+2)
ey =In(—2.4142)
ey =1n(2.41422180°)
eV = In(2.4142e™)
ely = ln(eln 2.4-14-2+T[i)

ely = eln 2.4142+mi

iy =1In2.4142 + mi
y = 1 — 0.8814i
y = 3.1416 — 0.8814i

25.cos1(3 + 4i) =7

Solution:
cosix = coshx
Let:
y = cos (3 + 4i)
Therefore,
3+ 4i=cosy
By letting x = %

A y
cos (1 . T) = coshT
cosy = cosh(—iy)
cosy = coshiy

So, we have,

coshiy = 3 + 4i

eV + eV
. 2 .

eV +e ™V =6+8i

=3+ 4i

Multiply both sides by e'V:
e?yY +1 = (6 + 8i)ey
ey —(6+8)eY+1=0

Using quadratic formula:

eiy_—bim
2a

a=1

b = —(6 + 8i)

c=1
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We have:

Sy = “I=(6+ 8D+ V[=(6 + 8D]? — 4D (D)

2(1)
= (6 + 8i) + V—32 + 96i

2
gy _(6+8D (32@4108.43°)1/ 2
2

oy — (6 +8i) + (32\/ﬁe1'89251)1/2
gy 648D+ (5.5819 +8.16071)

2
el¥ = (3 + 4i) + (2.9409 + 4.0803i)

Then store 2.9409 + 4.0803i to A.

For the first root:
ely = (3 + 4i) + (2.9409 + 4.0803i)
elY = 5.9409 + 8.0803i
elY = 10.0293253.68°
ely = 10.0293¢093681
11’1 eiy — ln(eln 10.0293+0.9368i)
iy = 1n10.0293 + 0.9368i
y = 0.9368 — 2.3055i

For the second root:
el = (3 + 4i) — (2.9409 + 4.0803i)
elY = 0.0591 — 0.0803i
ely = 0.09972 — 53.68°
eiy — 0.0997e—0.9368i
In eiy — ln(eln 0.0997—0.9368i)
iy = In 0.0997 — 0.9368i
y = —0.9368 + 2.3055i

26.sinh(1 +i) =?

Solution:

e(1+i) _ e—(1+i)
sinh(1 +1i) = 5

p(1+) _ o(-1-i)
sinh(1 +1i) = 5

el-el—el.e71
sinh(1 +1i) = >

e£57.30° — 14 —57.30°
sinh(1 +1i) = 26
sinh(1 +1i) = 0.6350 + 1.2985i
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27.tanh™1 (=2 + 3i) =?
Solution:
y = tanh™1(-2 + 3i)
tanhy = —2 + 3i

sinhy _
=—-2+3i
coshy
(==—)
2 .
W =-2+4+3i
2
(7 =)
=243
(eY +eY) :

ey —eV =(=2+3i)(e+e7Y)
ey —(—2+3i)eY—e¥—-(—2+30)e ¥ =0
(3 —30)eY + (1 —3)eY =0

Multiply both sides by eV:
(3-3)e+(1-3i) =0

V5
e? = —-2153.43°
V5

o2V — 5 @2:6779i

" 1n<§>+2.6779i
e’y =e

V5
2y = In— + 2.6779i

1 5

y =—0.1469 + 1.3390i
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MATRICES AND DETERMINANTS

23 _[2 3 0],
Lafa=|, 7 ;]andB=|% 2_35],findA+B.
al® 5 c|s 3]
3 9
—1 1
-1 -1 3
B. | ] D.[-1 —1]
1 -1 -1 P

2. IfA = [; _32],find 3A.

1 -2 1 -8
Ay ) Clg 27
1 2 3 —6
51 3 D fs s
2 -1 1
3. fA=|0 1 2‘,findA2.
1 0 1
(4 1 1 4 1 1
A |0 4 1‘ C.lo 1 4‘
1 1 0 1 0 1
5 -3 1 5 2 3
B.12 1 4] D.|1 4 2]
3 -1 2 -3 1 -1

4. Calculate the product C = AB of the matrices A and B.

1 8
| O
-5 3
[ —2 9 7 14 9
Al 26 -—-32 C.[ZZ —32]
[—33 41 | -27 41
5 9 ]
B.| 26 =32 D. cannot be determined
|—27 29 |

5. Which of the following is a symmetric matrix?

1 6 12 0
A |2 C.115 -9 —37‘
3 40 0 11
[ 6 15 -—24
B.[1 2 3] D.| 15 -9 13]
—24 13 8
6. Find the transpose of the matrix given below.
[1 2 3
4 5 6
1 2
Al3 4 o
5 6.
14
B.12 5 D. cannot be determined
13 6l
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7. Find (AB)T if

9 -5
a=lz 1|B=[% ' ¥
—3 4
64 10 —26
A. [292 _3179 C.|-44 5 31]
|65 25 -10
64 —44 65
B.[ %, D.{10 5 25]
—26 31 -10

8. Find the inverse of the matrix given below.

1 -2
A_[S —4]
— 3
A [—1.5 0.5 C[ 2 —4]
-1 1 2
Bl o D25 4l
1 2 3
9. ForthematrixA=12 4 —5|, find the determinant of matrix A.
3 -5 6
A.121 C.0
B.-121 D.-107

10.Find the minor of 6 in the matrix

1 2 3
4 5 6
7 8 9
1 0 -1 -2
Ay ) o
1 2 2 3
B.[; | Dls 6
11.Find the cofactor of 6 in the matrix
1 2 3
4 5 6
7 8 9
1 0 -1 -2
Aly ) c[Z
1 2 2 3
B.[; &l P15 6
12.Solve for the value of determinant D of the given matrix:
1 2 45
_|6 5 2 9
A=13 9 7 3
4 6 7 2
A. 121 C.0
B.-121 D.-813
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1 2 3
13.For the matrixA =12 3 2], find the determinant of the adjoint of matrix
3 3 4
A.
A. 49 C.1/49
B.-49 D.-1/49

14.Suppose A is a square matrix of order 3. If the determinant of A is equal to
- 2, find the determinant of A%(2A)T.
A.-16 C.-64

B.-32 D.-128

15.Which of the following relations describes the property of an orthogonal

matrix?
A A1 =AT C.A 1= (AT)‘1
B.—A"1 =AT D.A=A"1
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MATRICES AND DETERMINANTS SOLUTIONS

M 2 3 12 3 0]
Lafa=[, { jfandB=[7% 7 .| findA+B.
Solution:

To evaluate A + B, you just add the corresponding elements.
[ 1+2 2+3 3+0] 3 5 3
A+B=lo4(-1) 1+2 4+5] 13 9

2. IfA = B ‘32] find 3A.

Solution:
To evaluate 3A, multiply each element of the matrix by the constant (in this

example, c = 3).
sa=[JD 3CD 3 8

3(2) 3(3)
2 -1 1
3. IfA=|0 1 Zl,findAZ.
1 0 1
Solution:

Note: The multiplication of two matrices can be carried out only if the
number of columns of the first matrix equals the number of rows of the
second matrix. Such matrices are referred to as being conformable for

multiplication.

2 -1 1112 -1 1

0 1 2] : [0 1 2]

1 0 111 0 1
When two conformable matrices are multiplied, the product matrix thus
obtained will have the number of rows of the first matrix and the number of

columns of the second matrix. Thus, if a matrix A of order m x n is post
multiplied by a matrix B of order n x s, then the product matrix C will be of

A2=A-A=

ordermxs:
2 -1 11112 -1 1
A2=A-A=|0 1 2‘- 0 1 2‘
1 0 1111 0 1

22)+ (1O +1(1) 2-D+ DD +1(0) 2(1) + (—D(2) +1(1)
A2 =| 0(2)+1(0) +2(1) 0(=1) + 1(1) + 2(0) 0(1) + 1(2) + 2(1)

1(2) +0(0) + 1(1) 1(-1) +0(1) + 1(0) 1(1H)+02)+1(1)
5 -3 1
A>=12 1 4]
3 -1 2

4. Calculate the product C = AB of the matrices A and B.

A= _4115 22]']3:[—61 _27]
Solution:
1 8 6 _7
C= -2
_45 32 [—1 2]

C=1406)+(-2)(-1) 47"+ (=2)2)|=]26 -32
| —5(6) +3(—1) —5(=7) +3(2) -33 41

1(6) +8(=1) 1(=7) +8(2) [ -2 9 ]
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5. Which of the following is a symmetric matrix?

From the given choices:

A matrix will all its elements arranged in a single column is called a column
matrix. The matrix described in a is an example of a column matrix.

A matrix will all its elements arranged in a single row is called a row matrix.
The matrix described in b is an example of a row matrix.

[f a matrix has the same number of rows and columns (i.e.,, m =n), itis called
a square matrix. Letter c is an example of a square matrix.

When the elements of a square matrix are symmetric about its main
diagonal (i.e., Aj; = Ajj), it is termed as a symmetric matrix. Letter d is an

example of a symmetric matrix.

. Find the transpose of the matrix given below.

[1 2 3
4 5 6
First Solution:

The transpose of a matrix is obtained by interchanging its corresponding
rows and columns. The transposed matrix is commonly identified by placing
a subscript T on the symbol of the original matrix.

Let the given matrix as matrix A:

1 4
AT=(2 5
3 6

Second solution:
Using your fx-991ES PLUS,
Use the Matrix Mode:

Mode - 6 - 1 - 4 (Mat A 2x3)
Then input the corresponding matrix.

To get the transpose of the matrix, just use the syntax:
Shift — 4 — 8 — Shift —4 — 3

1 4
Trn(MatA) = |2 5]
3 6
Which yields to the same answer.
. Find (AB)T if
9 =5
6 -1 10
a=lz 7]e-| |
3 4 2 7 5

First Solution:
Another useful property of a matrix transposition is that the transpose of a
product of matrices equals the product of the transposed matrices in
reverse order. Thus,

(AB)T = BTAT
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64 —44 65
][6 -1 10] [10 5 25]
26 31 —10

—26
(AB)T:[44 5 31]

65 25 —10
Or:
6 —2 64 10 -—26
(AB)T = BTAT = |—1 7] 65 i _43]= —44 5 31]
10 51 65 25 —10

Second solution:
Using your fx-991ES PLUS:
Using the MATRIX MODE:

Mode- 6 - 1 - 2 (MatA 3x2)
Then input the corresponding matrix.
To input matrix B, use the syntax:
Shift —4 —1 -2 — 4 (Dim — Mat B — 2X3)
Then input the corresponding matrix.
To get the transpose of the product of matrices, just use the syntax:
Shift — 4 — 8 — Shift — 4 — 3 — Shift—4 — 4
64 10 -26
Trn(MatAMatB) = [—44 5 31 ‘

65 25 -10
Which yields to the same answer.

8. Find the inverse of the matrix given below.

a=[3 i
Solution:

If A and B are square matrices such that AB = BA = |, then B is called the
inverse of A and we write B = A™! (B equals A inverse). The matrix B also
has A as its inverse and we write A = B™1.

Note: Not every square matrix has an inverse. However, that if A has an
inverse then that inverse is unique
A-A1

[3 Ha 3]2(1) (1)]

l@+E2D0@=1-(1)
1(b) + (—2)(d) = 0 - (2)
3@+ (=4)(c) =0~ (3)
3b)+ (—4)(d)=1-(4)
Solving equations (1) and (3); and (2) and (4), we have
a=—2
b=1
c=-15
d=20.5
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Therefore,

1 [ —2 1
A ‘[—1.5 0.5]
Second solution:

Using your fx-991ES PLUS:
Using the MATRIX MODE:

Mode- 6 - 1- 5 (MatA 2x2)
Then input the corresponding matrix.
To get the inverse of the matrix, just use the syntax:

Shift- 4 - 3 - x71

1 _ [ —2 1
MatA™ = | 5 o
Which yields to the same answer.
1 2 3
. Forthe matrixA=|2 4 —5], find the determinant of matrix A.
3 -5 6

Solution:

The determinant of a matrix is a number associated with a square matrix.
There are many ways to solve for the determinant of a square matrix. One
example is the diagonal multiplication (this technique is only applicable for
a 2x 2 and 3 x 3 matrix).

1 2 3 1 2 3|11 2
det(A) =|Al=|2 4 -5|= [2 4 =512 4 ]
3 =5 6 3 =5 613 =5

|Al = [1(4)(6) + 2(=5)(3) + 3(2)(=5)]

—[3(4)(3) + (=5)(=5)(1) + 6(2)(2)]
Al = —121

Or by the use of your calculator,
Input the given matrix to matrix A:
To get the determinant, follow this syntax:
Shift — 4 — 7 — Shift—4 — 3
det(MatA) = —121

10.Find the minor of 6 in the matrix

1 2 3

[4 : 6]

7 8 9
Solution:
A minor is defined as avalue computed from the determinant of a
square matrix which is obtained after crossing out a row and a column
corresponding to the element that is under consideration. It is denoted by
M;;.
Thus, the minor of 6 in the given matrix is:

M,z = % g]
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11.Find the cofactor of 6 in the matrix
1 2 3
[4 : 6]
7 8 9
Solution:
The cofactor is defined as the signed minor. It is obtained by multiplying M;;
to (—1)™J, or simply (—1)"*/M;;. It is denoted as ay;.

Thus, the cofactor of 6 in the given matrix is:

0p3 = (-1 [% 523 = (=17 [% 523] - [:% :z

-

12.Solve for the value of determinant D of the given matrix:

45
_ 2 9
A= 7 3
7 2

1
6
3
4

() NANoR &2 BN \V)

Solution:
One way to solve the determinant of a square matrix is by cofactor method.
5 2 9 6 2 9 6 5 9 6 5 2
|D|=1[9 7 3]—2[3 7 3 3 9 3]—5[3 9 7]
6 7 2 4 7 2 4 6 2 4 6 7
|ID| = 1(154) — 2(—93) + 4(—132) — 5(125) = —813

+4

1 2 3
2 3 2], find the determinant of the adjoint of matrix

3 3 4

13.For the matrix A =

A.

First Solution:

The adjoint of a matrix is defined as the transpose of the determinant of the
cofactors of each element. The adjoint of matrix A can be denoted as A,p; or

adj A.
-3 2 2 2 2 317
[3 4] _[3 4 3 3]
. 2 3 1 3 1 2
adj A = _[3 4] 3 4] _[3 3]
2 3 1 3 1 2
-[3 2] _[2 2 2 3]-
6 -2 31T
adjA=|1 -5 3]
-5 4 -1
6 1 -5
adjA=|-2 -5 4]
-3 3 -1
Therefore:
ladj A| = 49

Second Solution:

Using the relationship between the inverse and adjoint:
_,_adjA . _
ATl = A —adjA = |A]-A1

Using Matrix Mode:
Input the given matrix to Matrix A:
Mode —6—1—1 (MatA 3 x3)
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After which, follow the syntax:
Shift — 4 — 7 — Shift — 4 — 3—) —x— Shift —4 — 3 —x7!

6 1 -5
det(MatA) xMatA™! =|-2 -5 4
-3 3 -1

To get the determinant, use the syntax:
Shift — 4 — 7 — Shift — 4 — 6-)
det(MatAns) = 49

14.Suppose A is a square matrix of order 3. If the determinant of A is equal to -

2, find the determinant of A?(2A)T.

Solution:

Think of a 3 x 3 matrix that has a determinant equal to -2. The best way is
to form a diagonal matrix.

For example, let matrix A as:

1 0 O
A=[0 1 0
0 0 -2

Note: A square matrix with all of its off-diagonal elements equal to zero (i.e.,
A;; = 0 fori # j), is called a diagonal matrix.

Then input this matrix to Matrix A of your calculator.

After which, follow this syntax to obtain what is required:

Shift — 4 — 7 — Shift — 4 — 3 — x? —x—Shift — 4 — 8 — 2 — Shift — 4
-3-)-)

det(MatA?xTrn(2MatA)) = —64

15.Which of the following relations describes the property of an orthogonal

matrix?
Solution: If the inverse of a matrix is equal to its transpose, the matrix is
referred to as an orthogonal matrix. In other words, a matrix A is orthogonal
if:

A—1 — AT
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PLANE AND SPHERICAL TRIGONOMETRY

Situation:
A nautical mile is the length of an arc, on Earth’s equator, that subtends a central
angle. The equatorial radius of Earth is about 3960 statute miles.

1. Convert 1 nautical mile to statute miles.
A.0.932 C.0.868

B.1.073 D.1.152

2. Determine what percent of Earth’s circumference is covered by a trip from
Los Angeles, California, to Honolulu, Hawaii (2217 nautical miles).
A.55.988% C.60.08%

B.10.26% D.11.25%

. o 0 cos 26
3. Which of the following is the value of x? ——02"—<0528 _
1+sin26+cos 260

A.2sin9 C.3cosO+ 2
B.tan© D.sin? 0

4. Iftan0 = gand 0 is an angle in the third quadrant, evaluate:
sin(180 + 6) cos(360 — 0)
sec(270+60)  csc(90 + 6)
A.0.28 C.-0.28
B.3.57 D. 1.00

5. The angle of depression to one side of a lake, measured from a balloon 2500
feet above the lake as shown in the accompanying figure, is 43°. The angle of
depression to the opposite side of the lake is 27°. Find the width of the lake.

4

YZ

A.3605.101 ft. C.7237.814 ft.
B. 3954.735 ft. D.7587.778 ft.

6. From a point A on a line from the base of the Washington Monument, the
angle of elevation to the top of the monument is 42°. From a point 100 feet
away from A and on the same line, the angle to the top is 37.77°. Find the
height of the Washington Monument.

A.555.634 ft. C.617.094 ft.
B. 685.353 ft. D. 645.675 ft.
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Situation:
From point A, at street level and 205 feet from the base of a building, the angle of
elevation to the top of the building is 23.1°. Also, from point A the angle of elevation
to the top of a neon sign, which is at the top the building, is 25.9°.

7. Determine the height of the building.

A. 480.616 ft. C.87.440 ft.

B. 79.923 ft. D. 525.798 ft.
8. How tall is the sign?

A. 381.073 ft. C.12.103 ft.

B. 19.620 ft. D.426.255 ft.

9. Aright triangle ACB with the right angle at C has legs 5 m and 12 m. Find the

length of a line drawn from C perpendicular to the hypotenuse.
A.4.615m C.2.308 m

B.4.156 m D.3.145m

10.The bases of a parcel of land in the form of a trapezoid are 92.6 m and 75.8
m, respectively. The angle at the extremities of the longer base is 72° and
43°, respectively. Find the perimeter of the parcel of land.

A.198.672 m C.183.817 m

B.250.123 m D.150.555 m

11.An airport runway is 3550 feet long and has an incline of 3.0°. The airport
planning committee plans to replace this runway with a new runway, as
shown in the following figure. The new runway will be inclined at an angle
of 2.2°. What will be the length of the new runway?

Newmmway €
e r_““(urnL runway
TTTTTTTE 3 T T T T Horzonal
A. 3554.880 ft. C. 4839.887 ft.
B.3552.619 ft. D. 2600.315 ft.

12.Two observers, in the same vertical plane as a kite and 30 feet apart, observe
the kite at angles of 72° and 78°, respectively. Find the height of the kite.
A.36.514 ft. C.42.315 ft.

B. 65.221 ft. D. 55.816 ft.

13.Use the distances shown in the following figure to determine the depth of
the submarine below the surface of the water. Assume that the line segment
between the surface ships is directly above the submarine.

..-"‘L“-]".. . G615 fi - A .
401t . aﬁaﬂ
A.578.793 ft. C.462.116 ft.
B. 582.507 ft. D. 188.280 ft.

14.Aright triangle with sides 4.32 and 2.41 inches long respectively is inscribed
in a circle. What is the diameter of the circle?
A.2.473 ft. C. 4.485 ft.

B. 4.947 ft. D. 3.236 ft.
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Situation:
An aero plane flies at N 26°35' W for 137.2 miles, then S 53°25' W for 62.4 miles.
15.How far must it go?
A. 140.514 miles C. 189.465 miles

B.120.517 miles D. 105.875 miles

16.In what direction should it then fly to return to the starting point in a
straight line?
A.N 52°21°02.5" W C.S37°38'57.95" E

B.N 37°38'57.95" W D.S52°31°02.5" E

17.Two straight roads intersect to form an angle of 75° Find the shortest
distance from one road to a gas station on the other road that is 1000 m
from the intersection.

A.965.926 m C.1035.276 m
B.258.819 m D.863.103 m
Situation:

A ship at A is to sail to C, 56 mi north and 258 mi east of A. After sailing N25°10" E
for 120 mi to P, the ship is headed toward C.

18.Find the distance of P from C.
A. 156.498 mi C.213.551 mi

B. 197.446 mi D. 253.331 mi

19.Find the required course to reach C.

A.N 14°15’42.46” W C.S14°15’42.46" E
B.N 75°44’17.54” W D.S 75°44’17.54” E
Situation:

Three circles of radii 115, 150, and 225 m are tangent to each other externally.
Angles are formed by joining the centers of the circles.

20.Find the smallest angle.
A.43°09'46.43” C.75°28'23.61”

B. 61°21'41.96" D. 59°59'57.33”

21.Find the smaller angle.
A.43°09'46.43" C.75°28'23.61"

B. 61°21'41.96" D. 59°59°57.33”

22.Find the biggest angle.
A.43°09°46.43” C.75°28°23.61”

B.61°21'41.96" D. 59°59'57.33”

23.A woman hikes 503 m, turns and jogs 415 m, turns again, and runs 365 m
returning to her starting point. What is the area of the triangle formed by

her path?
A.74594.17 m? C.79544.17 m?
B. 74945.17 m? D. 75459.17 m?
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24.The rectangular box in the figure measures 6.50 feet by 3.25 feet by 4.75
feet. Find the measure of the angle that is formed by the union of the
diagonal shown on the front of the box and the diagonal shown on the right
side of the box.

|

|,
— 65011 —-/

A. 29.14° C.75.37°
B. 60.86° D. 14.63°
Situation:

An observer at C on a hillside measures the angles of depression of two points A
and B in a horizontal plane below him. A and B are in the same direction from the
observer at C, A, B are in the same vertical plane. The angle of depression of A is
36°28' 30", and that of Bis 22°16' 0". If the distance from A to B is 4125.0 feet:

25.Find the distance of the observer at C directly from A.

A.5225.57 ft. C. 6368.08 ft.
B. 7553.22 ft. D.7335.22 ft.

26.Find the distance of the observer at C directly from B.
A.10033.89 ft. C.8774.24 ft.
B.9990.68 ft. D. 8609.44 ft.

27.For three points A, B, C, in a horizontal plane, the bearing of C from A is N
34°27' 20" E, the bearing of C from Bis S 72° 40" 40" E, and the bearing of B
from Ais N 15° 24' 30" E. The distance from A to B is 2450.5 yards. Find the
distance from A to C.

A. 2265.57 yards C.2562.87 yards

B. 2665.44 yards D. 2225.75 yards
28.A=47°13'50",a=0.20633,b =0.70812. Find B.

A.23.39° C.66.61°

B.31.29° D. No triangle formed
29.Given A =47°13'35",a=0.60631,b = 0.70815. Find B.

A. 34.996° C. 145.004°

B. 59.019° D. No triangle formed
30.Given A =132°47'20",a=0.90635,b =0.70810. Find C.

A. 34.984° C.12.23°

B.59.016° D.77.77°

31.Three points A, B, C in a horizontal plane are so situated that the bearing of
B from Ais N 17° 30' 0" E and the bearing of C from A is S 24° 20" 20" E. If
the length of AB is 3210.5 yards and that of BC is 4715.0 yards, find the
bearing of C from B.
A.N 82°25’49” W C.N7°34'11" W

B.S7°34’11" E D.S82°25'49” E
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Situation:
Two sides of a parallelogram are 11.055 feet long and 13.267 feet long,
respectively; and one interior angle is 72° 15" 30".

32.Find the length of the longer diagonal.
A. 19.688 ft. C.14.451 ft.

B. 20.968 ft. D.15.415 ft.

33.Find the length of the shorter diagonal.
A. 19.688 ft. C.14.451 ft.

B. 20.968 ft. D. 15.415 ft.

34.A surveyor runs a line N 35° 30" 30" E from A to B, the length of AB being
1246.5 feet. From B, he runs a line S 25° 14' 0" E to C, and measures BC as
1729.6 feet long. How long is AC?

A.1651.09 ft. C. 1555.04 ft.

B.1233.90 ft. D.1561.36 ft.

35.The sides of a triangle are in the proportion 3:4:5; the area of the triangle is
108 sq. in. Find the radius of the inscribed circle.

A. 2.828 in C.8.485in
B.4.243 in D.2.121in
Situation:

In tunneling under a river, a tunnel AB was first made at an angle of depression of
12°30', then a horizontal tunnel BC 610 ft. long, then a tunnel CD rising at an
inclination of 12°30’, the points A and D lying in a horizontal plane. Assume that A,
B, C, D lie in a vertical plane. If the maximum depth of the tunnel is 55 ft.:

36.How long is the tunnel?
A.1106.178 ft. C.1118.225 ft.

B. 633.808 ft. D. 720 ft.

37.How far apart is A and D?
A.1106.178 ft. C.1118.125 ft.

B. 633.808 ft. D. 720 ft.

38.Whatis the radius of the largest gas tank that could be placed on a triangular
lot whose sides are 84.027 ft., 77.526 ft., and 102.473 ft. long respectively?

A.24.188 ft. C.52.263 ft.
B. 33 ft. D. 14.14 ft.
Situation:

The angles of a triangle are 36° 20" 20", 79° 30' 40", and 64° 10' 0"; the radius of
the circumscribed circle is 2.2534 in. long.

39.Find the length of the longest side.
A. 4.431 inches C.2.670 inches

B. 4.056 inches D. 5.332 inches

40.Find the area of the triangle.

A. 2.356 in? C.5.3251in2
B. 3.625 in? D.5.263 in?
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41.The hands of a clock are 2.250 ft. and 1.725 ft. long respectively. How far
apart are their tips when the time is 2:357?
A.5.364 ft. C.6.465 ft.

B. 3.645 ft. D. 4.365 ft.

42.Two sides of a triangle are 187.3 and 218.4, and the angle between them is
151° 18". Find the lengths of the segments into which the opposite side is
divided by the bisector of this angle.

A. 60.145 C.30.112
B.70.222 D. 49.980
Situation:

Submarine is sailing N 48° 20" E at the rate of 21 miles per hour from a point A. A
chaser is sailing N 31° 30" E at the rate of 32 miles per hour from a point B. The
bearing of A from B is N 38° 25' W and the distance AB is 9.35 miles.

43.How far apart will they be after 18 minutes?
A. 9.699 mi C. 6.966 mi

B.5.781 mi D. 8.518 mi

44.What will then be the bearing of the submarine from the chaser?

A.S 61°27'22.69” E C.N 28°32’37.31” E
B.S 28°32’37.31” W D.N 61°27°'22.69” W
Situation:

The angles of a triangle are A =35°20’, B=65°36’, and C=79°04". If its areais 1200
m?:
45.What is the length of the side opposing A?

A.66.89 m C.62.04m
B.39.40 m D.56.11m
46.What is the length of the side opposing B?
A.66.89 m C.62.04 m
B.39.40 m D.56.11m

47 What is the length of the side opposing C?
A.66.89 m C.62.04 m

B.39.40 m D.56.11m

48.Find the length of the median to the longest side of the triangle whose sides
are 40, 50, and 70, respectively.
A.22.47 C.35.00

B. 25.60 D. 28.72

49.Given a spherical triangle: A = 62°, B = 49° a = 44° b =7
A. 39.59° C.125.64°
B. 54.36° D. 36.42°

50.The sides a, b, and c of a spherical triangle are 80°, 140°, and 120°. Find angle

A.

A.112.09° C.58.77°

B. 88.510 D. 125-440
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51.Given: A = 112.09°,C = 125.43°, b = 140°, find side c.
A. 30.00° C.60.00°
B. 120.00° D.99.55°

52.The coordinates of the Dominion Astrophysical Observatory, near Victoria,
British Columbia, are Latitude 48°31.3’ N Longitude 123°25.0° W, and the
coordinates of the David Dunlap Observatory, near Toronto, Ontario, are
Latitude 43°51.8’ N Longitude 79°25.3° W. How far is Toronto from Victoria?
Express your answer in nautical miles.
A.1822.74 C.6006.86
B. 1900.62 D.5758.38

53.Tokyo is located at (139° E, 39°N) while Manila is at (121° E, 14° N). Find
the distance between the two in nautical miles.
A. 1456 C.1776
B. 1567 D. 1467
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PLANE AND SPHERICAL TRIGONOMETRY SOLUTIONS

Situation:

A nautical mile is the length of an arc, on Earth’s equator, that subtends a central
angle. The equatorial radius of Earth is about 3960 statute miles.

. Which of the following is the value of x?

1. Convert 1 nautical mile to statute miles.

Solution:
Remember:
1° = 60 minutes

Therefore:
1 nautical mile 60 minutes 360° _ 21600 nautical mile

1 minute 1 degree ‘circumference  circumference
But:
circumference = 2m(3960) = 24882.414 statute miles
Thus,
(21600 nautical mile)

24881.414 statute mile

= (.868 nautical mile per statute mile

. Determine what percent of Earth’s circumference is covered by a trip from

Los Angeles, California, to Honolulu, Hawaii (2217 nautical miles).
Solution:

1 cirumference = 21600 nautical miles
Therefore,

2217 nautical mile

21600 nautical mile

=0.1026 0r 10.26%

1+sin20—-cos20
1+sin26+cos 260

First Solution:
Using Trigonometric Identity:

sin 20 = 2sin 6 cos 6

cos 20 = cos? 0 — sin? 0
We have:
_ 1+ 2sinBcosB — (cos* 6 —sin® B)
" 14 2sinBcosB + (cos? O — sin? 0)
_ 1+5sin®@+2sinBcos® — cos* B
X T 1+ cos?8 + 25sinBcosB — sin? B
_ (1 —cos?8) +sin”0 + 2sinBcos B
~ (1 —5in20) + cos? 6 + 2sin 6 cosd

sin? 0 + sin?0 + 2sin B cos O

ch0529+c0529+251n9c039
2sin?0 + 2sin0cos O

X=2c0529+251n9c059
_ 2sinB(sin® + cos0)

X 2 cos 0 (sin 6 + cos0)

X

X

sin 0
X =

cos 0
x = tan0

Second solution:
Try to match the values from the choices:
a. 2sin@
b. 3cosO + 2
c. tan@
d. sin?0
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Try 6 = 50°:
1+ sin100° — cos100°

~ 1 +sin 100° + cos 100°
x =1.19175

Try choice a:

2sin® = 2sin50° = 1.532 # 1.19175
Try choice b:

3cos0+ 2 =3cos50°+ 2 =3.928 # 1.19175

Try choice c:

tan® = tan 50° = 1.19175 = 1.19175
Try choice d:

sin? @ = sin? 50° = 0.587 # 1.19175
Therefore, the answer is c.

4, Iftan0 = gand 0 is an angle in the third quadrant, evaluate
sin(180 + 6) cos(360 — 0)
sec(270+60)  csc(90 + 6)

Solution:

0 = 53.131° - Quadrant 1
For 6 to be in Quadrant 3:
0 = 180°+ 53.131° = 233.131°
Therefore:
sin(180 + 6) cos(360 — 0)
sec(270 + 0) + csc(90 + 0)
_sin(180 + 233.131°) = cos(360 — 233.131°)
~ sec(270 + 233.131°) * csc(90 + 233.131°)
sin(180 +6) cos(360—6)  sin413.131° c0s 126.869°

+ = +
sec(270+6)  csc(90 + 0) ( 1 ) ( 1 )
cos 503.131° sin323.131°

sin(180 + 0) N cos(360 — 0)
sec(270+6)  csc(90+ 0)

=—0.28

5. The angle of depression to one side of a lake, measured from a balloon 2500
feet above the lake as shown in the accompanying figure, is 43°. The angle of
depression to the opposite side of the lake is 27°. Find the width of the lake.
Solution:

2500
tan43° =
X1
2500 S
= AN N
M= fan 43° NG Y
X, = 2680.921’ X

NAA
Applying the same manner: }g SE

ji @~
2500 Hoe = ===
XZ = l/ .
tan 27°
X, = 1906.526' Xy Xz
Therefore:

AB = x; + x, = 2680.921 + 4906.526 = 7587.447’
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6. From a point A on a line from the base of the Washington Monument, the
angle of elevation to the top of the monument is 42°.From a point 100 feet
away from A and on the same line, the angle to the top is 37.77°. Find the
height of the Washington Monument.

Solution:

3777° AL
A
100 | x
h
i tan42° — equation 1
<+ 100 = tan 37.77° - equation 2
From equation 1, we have:
h = xtan 42°
Substituting it to equation 2, we have:
xtan42° tan 37.77°
x+100 0
x = 617.094 ft
h = xtan42° = 617.094 tan 42°
h = 555.634 ft

Situation:

From point A, at street level and 205 feet from the base of a building, the angle of
elevation to the top of the building is 23.1°. Also, from point A the angle of elevation
to the top of a neon sign, which is at the top the building, is 25.9°.

] 205’

[
7. Determine the height of the building.
Solution:
Referring to the figure:

h = tan 23.1°
205 one
h =87.44 ft
8. How tall is the sign?
Solution:
Referring to the figure:
y+h_n2soe
205 e
y + 87.44 _ tan25.9°
508 - an 25.
y=12.103 ft
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9. Aright triangle ACB with the right angle at C has legs 5 m and 12 m. Find the
length of a line drawn from C perpendicular to the hypotenuse.

Solution:

Referring to the figure: —

1
Areapscs = 5 (5)(12) . 4

Areappcg = 30 m?
Also: ¢

12m B

1
Areagaca =5 (1)) |

1
5(13)()() = 30 m?
X =4.615m
10.The bases of a parcel of land in the form of a trapezoid are 92.6 m and 75.8

m, respectively. The angle at the extremities of the longer base is 72° and
43°, respectively. Find the perimeter of the parcel of land.

Solution: 758 m
Referring to the figure: o
By sine law: x | Y y
X 16.8 T
= o 43°f/
sin43° _ sin 65° B
X =12.642 m |
y B 168 92.6m
sin72°  sin 65°
y =17.629 m

P=x+758+y+926
P=12.642 + 758 + 17.629 + 92.6
P=198.672m

11.An airport runway is 3550 feet long and has an incline of 3.0°. The airport
planning committee plans to replace this runway with a new runway, as
shown in the following figure. The new runway will be inclined at an angle
of 2.2°. What will be the length of the new runway?
Solution:
Referring to the figure:

Mew unway . s

_I'_::' - ™ Current mnway

By sine law:
L 3550

sin177° sin2.2°
L =4839.887 ft
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12.Two observers, in the same vertical plane and 30 feet apart, observe the kite
at angles of 72° and 78°, respectively. Find the height of the kite.
Solution:
Referring to the figure:

— = tan 72° — equation 1
X

= tan 78° — equation 2

30 —x
From equation 1, we have:
h =xtan72°
Substituting to equation 2:
xtan 72° . L
m =tan 78 «—»
x = 18.136 ft . #=
Therefore:
h = xtan 72°
h = 18.136tan 72°
h =55.816 ft

13.Use the distances shown in the following figure to determine the depth of
the submarine below the surface of the water. Assume that the line segment
between the surface ships is directly above the submarine.
Solution:

Yy 615 f 4

WY o

——

Submarine

Using cosine law:
4992 + 615% — 2(499)(615) cos 6 = 6292

Solving for 6:
4992 + 6152 — 6292

c0s0 = —— 199)(615)
cos0 =0.3773

0 = 67.83°

h =499sin6

h = 499sin 67.83°

h =462.116 ft

14.Aright triangle with sides 4.32 and 2.41 inches long respectively is inscribed
in a circle. What is the diameter of the circle?
Solution:
If a right triangle is inscribed in a circle, the hypotenuse of the triangle is the
diameter of the circle.
By Pythagorean Theorem:

AC? = /4322 + 2.412
AC=4.947 in
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Situation:
An aero plane flies at N 26°35"' W for 137.2 miles, then S 53°25' W for 62.4 miles.
15.How far must it go?
Solution:
Referring to the figure:

By cosine law:

CA%? = BC? + BA? — 2(BC)(BA) cos 0

Where:
BC = 62.4 miles
BA = 137.2 miles
0 = 26°35’ + 53°25' = 80°
Therefore:

CA% = 62.4% + 137.2% — 2(62.4)(137.2) cos 80°
CA = 140.514 miles

16.In what direction should it then fly to return to the starting point in a
straight line?
Solution:
Referring to the figure:

By sine law:
sinC _ sinB

C b
sin C _ sin 80°

137.2  140.514
C = 74°03'57.5"

Therefore, the bearing is:
aca = 180° — 74°03'57.5" — 53°25’
oca = S52°31'02.5"E

17.Two straight roads intersect to form an angle of 75°. Find the shortest
distance from one road to a gas station on the other road that is 1000 m
from the intersection.
Solution:
Referring to the figure:
Since the shortest distance is the perpendicular distance, we have:

sin 75° = 1000 m
d = 1000sin 75°

d =965.926 m
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Situation:
A ship at A is to sail to C, 56 km north and 258 km east of A. After sailing N25°10’
E for 120 mi to P, the ship is headed toward C.
18.Find the distance of P from C.
Solution:

et 258 mi B

Referring to the figure:
120sin(25°10") + x = 258
x = 206,970 km —» STO X
120 cos(25°10") =56 +y
y = 52.609 km - STOY

12 = /X2 + Y2
12 = 45604.143
L = 213.551 mi

By Pythagorean Theorem:

19.Find the required course to reach C.

Solution:
Op- = tan —
PC Y
opc = S 75°44'17.54" E
Situation:

Three circles of radii 115, 150, and 225 m are tangent to each other externally.
Angles are formed by joining the centers of the circles.

20.Find the smallest angle.

21.Find the smaller angle.

22.Find the biggest angle.

N9

GV

Vv

e
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Solution:
Referring to the figure:
By cosine law:
265% + 375% — 2(265)(375) cos B = 3402

Solving for B:
2652 + 3752 — 3402
cosb = 265375
cosB =0.479
B =61°21'41.96"
By sine law:

sinA sin61°21'41.96"
265 340
A =43°09'46.43"
Since the sum of the angles in a triangle is equal to 180°:
A+B+C=180°
43°09'46.43+ 61°21 41.96 + C = 180°
C = 75°28'23.61"

23.A woman hikes 503 m, turns and jogs 415 m, turns again, and runs 365 m
returning to her starting point. What is the area of the triangle formed by
her path?

Solution: 365 1,
Referring to the figure:
Using Heron'’s formula:

&
Area = \/s(s —a)(s — b)(s — c) S
Where:
at+b+c
e =
We have:
503 + 415 + 365
S = > = 641.5

Area = ,/641.5(641.5 — 503)(641.5 — 415)(641.5 — 365)
Area = 74594.17 m?

24.The rectangular box in the figure measures 6.50 feet by 3.25 feet by 4.75
feet. Find the measure of the angle that is formed by the union of the
diagonal shown on the front of the box and the diagonal shown on the right
side of the box.

Solution:

A : M 4750

- 6.50 ft "B

Referring to the figure:
AB = /4.75% + 6.52 = 8.05 ft
BC = 1/3.252 + 4.752 = 5.755 ft
AC = /6.52 + 3.252 = 7.267 ft

MEGAREVIEW AND TUTORIAL CENTER 91

Visit For more Pdf's Books
Pdfbooksforum.com



Visit For more Pdf's Books
Pdfbooksforum.com

CIVIL ENGINEERING MATHEMATICS BOARD EXAMINATION REVIEW BOOK

By cosine law:
AC? = AB? + BC? — 2(AB)(BC) cos 8
7.267% = 8.05% + 5.755% — 2(8.05)(5.755 ) cos 0
Solving for 6:
cos 0 = 0.48694
0 =60.86°

Situation:

An observer at C on a hillside measures the angles of depression of two points A
and B in a horizontal plane below him. A and B are in the same direction from the
observer at C, A, B are in the same vertical plane. The angle of depression of A is
36°28' 30", and that of Bis 22°16' 0". If the distance from A to B is 4125.0 feet:

C_
vl
# \ 2216/ 3&%5\?? /
J \ % 14°12:30"
) ™ TS S /_22016‘
// *_\ N ‘(h\ ! ;[ \"‘\\\\
J \ ~ \ ' b
A £143°31'30" B
% 4125"
25.Find the distances of C from A.
Solution:
By sine law:
AC 4125

sin(22°16’) ~ sin(14°12'30")
AC = 6368.985 ft
26.Find the distances of C from B.
Solution:
By sine law:
BC 4125
sin(143°31'30")  sin(14°12'30")
BC = 9990.683 ft

27.For three points A, B, C, in a horizontal plane, the bearing of C from A is N
34°27' 20" E, the bearing of C from Bis S 72° 40' 40" E, and the bearing of B
from A is N 15° 24' 30" E. The distance from A to B is 2450.5 yards. Find the
distance from A to C.

Solution:
Referring to the figure:
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Since the sum of the angles in a triangle is equal to 180°:
A+B+C=180°
19°02'50+88°05'10 + C = 180°

C = 75°52’
From sine law:
b o«
sinB  sinC
b 2450.5

sin 88°05'10"  sin 75°52’
b = 2562.87 yards

28.A=47°13'50",a=0.20633,b =0.70812. Find B.
Solution:
Referring to the figure:

a = 0.20633

47°13'30"

b =0.70812

From sine law:
sinB sinA

b a
sinB _ sin 47°13'50"

0.70812  0.20633
sinB = 2.519

Since sinB > 1:
Therefore, there is no triangle formed.

29.Given A =47°13"'35",a=0.60631, b =0.70815. Find B.
Solution:
Referring to the figure:
From sine law:
sinB sinA
b  a
sin B sin47°13'35"
0.70815  0.60631
sinB = 0.8573
B = 59.019° or
B =180°—-51.019 = 120.981° A

a=0.60631

b =0.70815

Since,

120.981° + 47°13'35=168.27° < 180°
Hence, there are two triangles formed. Based on the choices, the answer is
59.019°.
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30.Given A =132°47'20",a=0.90635,b =0.70810. Find C.

Solution: ;
Referring to the figure:
By sine law: ~
sinB _ sinA C a = 0.90635
b  a -
sinB _ sin132°47'20" 152°47'20
0.70810  0.90635 A ) — 070810
B = 34.984° or

B = 180° — 34.984° = 145.016°
Since,
145.016° 4+ 132°47'20=277°48'19.34 > 180°
Therefore, the only value is:
B = 34.984°
Since the sum of the angles in a triangle is equal to 180°:
A+B+C=180°
132°47'20" + 34.984° + C = 180°
C=12.23°

31.Three points A, B, C in a horizontal plane are so situated that the bearing of
B from Ais N 17° 30" 0" E and the bearing of C from A is S 24° 20" 20" E. If
the length of AB is 3210.5 yards and that of BC is 4715.0 yards, find the
bearing of C from B.
Solution:
Referring to the figure:
Using cosine law:
a’ = b% + c? — 2bccos O
a? = 4715% 4+ 3210.5% — 2(4715)(3210.5) cos 138°09'40"
a = 7422.542 yards
Cosine law can be written in the form:
Go to Complex MODE:
Then type:
|4715 — 3210.52138°09'40"| = 7422.542 yards or
|3210.5 —47152138°09'4 0"| = 7422.542 yards

By sine law:
sinC _ sin A

C a
sinC _ sin 138°09'40"

3210.5 = 7422.542
C = 16°46'09"

Therefore,
acg = 90° — (16°46'09+65°39'40)
acg = N7°34'11"W

“——Ocg
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Situation:
Two sides of a parallelogram are 11.055 feet long and 13.267 feet long,
respectively; and one interior angle is 72° 15" 30".
32.Find the length of the longer diagonal.
Solution: "
Referring to the figure: .
The adjacent angles of a f’ dy
parallelogram are supplements.
a = 180° — 72°15'30"
a = 107°44'30" ’

13.267 ‘

By cosine law: ’ ‘

d, =+/13.2672 + 11.055% — 2(13.267)(11.055) cos 107°44'30"
d, = 19.688 ft

Or by using Complex MODE:
d; =113.267 — 11.0552107°44'30"| = 19.688 ft or
d; =]11.055 — 13.2672107°44'30"| = 19.688 ft

33.Find the length of the shorter diagonal.

Solution:
d, = \/11.0552 + 13.267%2 — 2(11.055)(13.267) cos 72°15'30"
d, = 14.451 ft

Or using Complex MODE:

d, =[11.055 - 13.267272°15'30"| = 14.451 ft or
d, =113.267 — 11.055272°15'30"| = 14.451 ft

34.A surveyor runs a line N 35° 30" 30" E from A to B, the length of AB being
1246.5 feet. From B, he runs a line S 25° 14' 0" E to C, and measures BC as
1729.6 feet long. How long is AC?

Solution:
Referring to the figure:

Using cosine law:

AC = \/1246.52 + 1729.62 — 2(1246.5)(1729.6) cos 60°44'30"
AC = 1561.361 ft
Or using Complex MODE:
AC = |1246.5 — 1729.6,60°44'30"| = 1561.361 ft or
AC = |1729.6 — 1246.5260°44'30"| = 1561.361 ft
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35.The sides of a triangle are in the proportion 3:4:5; the area of the triangle is
108 sq. in. Find the radius of the inscribed circle.
Solution:
Referring to the figure:

5x

3x

4x ‘

A = 108 in?
By Heron’s Formula:

A= s(s—a)(s—b)(s—c)
_a+b+c_3x+4x+5x_

S = > > 6x
We have,
A= \/6x(6x — 3x)(6x — 4%x)(6X — 5%)
A = /6x(3x)(2x)(x)
A = +/36x*
A = 6x?
Substituting:
6x% = 108
x = 3v2in
Therefore:
s =6x = 6(3vV2) = 18V2in
We have:
A
r=—
S
108
r=——
18v2
r=3v2=4.243in
Situation:

In tunneling under a river, a tunnel AB was first made at an angle of depression of
12°30', then a horizontal tunnel BC 610 ft. long, then a tunnel CD rising at an
inclination of 12°30', the points A and D lying in a horizontal plane. Assume that A,
B, C, D lie in a vertical plane. If the maximum depth of the tunnel is 55 ft.:

36.How long is the tunnel?

Solution:
‘ d
A D
12°30’ 12°30
L 55’ L
B L, ¢
\
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Referring to the figure:
ABsin 12°30’ = 55
AB = 254.112 ft

CDsin 12°30" = 55
CD = 254.112 ft
Therefore,
L=AB+BC+CD
L =254.112 + 610 + 254.112
L=1118.225ft

37.How far apart is A and D?
Solution:
d = AB cos 12°30’ + 610 + CD cos 12°30’
d =254.112 cos 12°30" + 610 + 254.112 cos 12°30’
d=1106.178 ft

38.What s the radius of the largest gas tank that could be placed on a triangular
lot whose sides are 84.027 ft.,, 77.526 ft., and 102.473 ft. long respectively?
Solution:
Referring to the figure:

T

o
&
A

O

84.027

Ar
r=—

S
A= \/s(s —a)(s—b)(s—~c)
S=a+b+c

2
| 84.027 + 77.526 + 102473
5T 2

s = 132.01 ft

A= \/132.01(132.01 —84.027)(132.01 — 77.526)(132.01 — 102.473)
A = 3193.135 ft?

Therefore:
3193.135

"~ 132.013
r =24.188 ft
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Situation:
The angles of a triangle are 36° 20" 20", 79° 30' 40", and 64° 10' 0"; the radius of
the circumscribed circle is 2.2534 in. long.
39.Find the length of the longest side.
Solution:

36° 20" 20" .

Referring to the figure:
Given that:
r. = 2.2534 in

From the formula:

__abc

 4r,
Rearranging,
__abc
~4A

1
A= > ab sin 64°10’

e

Therefore,
abc

2.2534 =
4 (7 ab sin 64°10')

2.2534 = > e 10

c =4.0561in

From sine law:
a C

sin A - sin C
a 4.056

sin 36°2020" - sin 64°10’
a=2.671in

b _a
sinB  sinA
_ 2.671

sin 79°30'40"  sin 36°20'20"
b =4.431in

Therefore, the answer is 4.431 inches.

40.Find the area of the triangle.
Solution:

1
A = —-absinC
> absin

1
A = 5 (2.671)(4:431) sin 64°10
A = 5.326 in?
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41.The hands of a clock are 2.250 ft. and 1.725 ft. long respectively. How far
apart are their tips when the time is 2:357?
Solution:
Referring to the figure:

The angle between the minute hand and hour hand is:
B = 35(6°) — 60° — 35(0.5°) = 132.5°

By cosine law:
d= \/2.252 + 1.725% — 2(2.25)(1.725) cos 132.5°
d =3.645ft

Or using Complex MODE:
d =12.25—-1.7252132.5°| = 3.645 ftor

d = |1.725 — 2.2521325°| = 3.645 ft

42.Two sides of a triangle are 187.3 and 218.4, and the angle between them is
151° 18". Find the lengths of the segments into which the opposite side is
divided by the bisector of this angle.
Solution:
Referring to the figure:

1
Ar = 3 (187.3)(218.4) sin 151°18’
At = 9822.088 square units
1
A; ==(187.3)(x) sin 75°39" = 90.728x

2
1
A, = 2 (218.4)(x) sin 75°39' = 105.793x
Therefore,
AT = A1 + A2

9822.088 = 90.728x + 105.793x
X = 49,980 units
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Situation:

Submarine is sailing N 48° 20" E at the rate of 21 miles per hour from a point A. A
chaser is sailing N 31° 30" E at the rate of 32 miles per hour from a point B. The
bearing of A from B is N 38° 25' W and the distance AB is 9.35 miles.

0-'§ubmarine-

~=38°25'

43.How far apart will they be after 18 minutes?
Solution:
Distance traveled by the submarine in 18 minutes:

21mph (—2F (18 min) = 6.3 mil
mp <60m1n) min) = 0.5 miles

Distance traveled by the chaser in 18 minutes:

1 hr
32mph (60 min) (18 min) = 9.6 miles
Referring to the figure:
Using Complex MODE:
Then type:
6.3£(270° — 48°20") + 9.35£(270° + 38°25") + 9.64(90° — 31°30")
Then press =

The answer will be:
6.9662 — 28.54°
Therefore, the answer is 6.966 miles.

44.What will then be the bearing of the submarine from the chaser?

Solution:
Since we are looking for the bearing of the submarine, we must negate the
result we get from the previous problem.
Therefore,

—Ans - r£0 = 6.9662151.46°
To get the angle, get the argument:
Press SHIFT-2-1:

arg(Ans) = 151.46°

This angle is measured from the positive x-axis.
Therefore,

Osubmarine = 151.46° —90°

Ogubmarine = N61°27'22.69" W
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Situation:
The angles of a triangle are A = 35°20’, B=65°36’, and C = 79°04’. If its area is 1200
m2;

45.What is the length of the side opposing A?

46.What is the length of the side opposing B?

47 What is the length of the side opposing C?

Solution:
Referring to the figure:
B
1
A= Ebc sinA
1
1200 = Ebc sin 35°20" — equation 1
By sine law:
sinB_ sinC
b ¢
sin79°04"  sin 65°36'
b B C
sin 79°04 tion 2
R N
€ sin65°36  CAUAOn

Substituting equation 2 to equation 1:

1200 = 1( sin 79°04) in 35920"
~2\" Sin65°36') <"
Solving for c:
c=62.04m
Substituting the value of ¢ to equation 2:
b = £2.04 sin 79°04
777 sin65°36’
b =66.89m
To solve for a:
By sine law:
a _ c
sinA  sinC
a _ 62.04
sin35°20’  sin 65°36/
a=39.40m
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48.Find the length of the median to the longest side of the triangle whose sides
are 40, 50, and 70, respectively.
Solution:

Referring to the figure:

° R

&)
. e
A

By cosine law:
50% = 402 + 70% — 2(40)(70) cos B
Solving for B:

B = 44.415°
Again, by cosine law:

x? = 40% + 352 — 2(40)(35) cos B
x2 = 402 + 352 — 2(40)(35) cos 44.415°
x? = 825

x = 5v33 units

X =~ 28.723 units

49.Given a spherical triangle: A = 62°, B = 49° a = 44°b =7
Solution:
Using sine law for spherical trigonometry:
sina sinb _sinc
sinA  sinB  sinC

We have:
sin 44° sinb

sin 62° - sin 49°
sinb = 0.593767
b = 36.42°

50.The sides a, b, and c of a spherical triangle are 80°, 140°, and 120°. Find angle
A.

Solution:
Using cosine law of sides for spherical trigonometry:

cosa = cosbcosc+ sinbsinccosA
We have:

cos 80° = cos 140°cos 120° + sin 140°sin 120°cos a
a=112.09°
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51.Given: A = 112.09°,C = 125.43°,b = 140°, find side c.
Solution:
We cannot get directly the value of side c; however, we must solve first for
the angle B.

Using cosine law of angles for spherical trigonometry:

cosB = —cosAcosC+ sinAsinCcosb
cosB = —c0s112.09°cos 125.43° 4+ sin 112.09°sin 125.43° cos 140°
B = 142.79°

Next, we can use sine law to solve for the unknown, c.
sinb sinc

sinB  sinC
sin 140° sinc

sin142.79°  sin125.43°
¢ = 60.00°,120.00°

Check if these two possible solutions is really a solution.

cosC = —cosAcosB + sinAsinBcosc
cosC = —c0s112.09°cos 142.79° + sin112.09°sin 142.79° cos 60.00°
C=091.11°

cos C = —cos 112.09° cos 142.79° + sin 112.09° sin 142.79° cos 120.00°
C=12543°
Therefore, there is only one solution to this problem.
C=120°

52.The coordinates of the Dominion Astrophysical Observatory, near Victoria,
British Columbia, are Latitude 48°31.3’ N Longitude 123°25.0° W, and the
coordinates of the David Dunlap Observatory, near Toronto, Ontario, are
Latitude 43°51.8’ N Longitude 79°25.3’ W. How far is Toronto from Victoria?
Express your answer in nautical miles.
Solution:

Take note:

e Latitudes are measured with the equator as reference.

e Longitudes are measured with the Prime Meridian as reference.
Draw first the polar triangle (spherical triangle) containing the North Pole
or the South Pole.

Refer to the figure below:

b = 90° — 43°51.8" = 46°8.2'
c =90° —48°31.3" = 41°28.7’
A = 123°25.0" — 79°25.3" = 43°59.7’

Using cosine law of sides for spherical trigonometry:
cosa = cosbcosc+ sinbsinccosA
cosa = cos 46°8.2' cos41°28.7" + sin 46°8.2' sin41°28.7' cos 43°59.7’
a = 30.37903°

MEGAREVIEW AND TUTORIAL CENTER 103

Visit For more Pdf's Books
Pdfbooksforum.com



Visit For more Pdf's Books
Pdfbooksforum.com

CIVIL ENGINEERING MATHEMATICS BOARD EXAMINATION REVIEW BOOK

Note: 1’ arc in the terrestrial sphere = 1 nautical mile; 1°= 60’ = 60 nautical

miles
Therefore,

60 nautical miles . ]

30.37903° - T = 1822.74 nautical miles
A
c =41°28.7
b = 46°28.7’
B
Victoria
c
a Toronto

53.Tokyo is located at (139° E, 39°N) while Manila is at (121° E, 14° N). Find
the distance between the two in nautical miles.
Solution:
You may refer to the solution in the previous problem.
Considering the formula:
cos(90°—0) = sinB

To we can modify the cosine law of sides:

cosa = sinbsinc + cosbcosccosA

cosa = sin 39°sin 14° + cos 39° cos 14° cos(139° — 121°)

a=29.61°
Therefore:
60 nautical miles

29.61°- T = 1776.65 nautical miles
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PLANE ANALYTIC GEOMETRY
1. Find the slope of the line 3x - 2y + 3 = 0.
A.3/2 C.-3/2
B.2/3 D.-2/3

2. Compute for the acute angle between the lines whose slopes are, m; = 1/3

and m = 2.
A. 45° C.22.456°
B. 60° D.54.162°

3. What is the acute angle formed between the lines 4x -y + 3 =0 and 2x - 5y

-1=07?
A. 45° C.22.456°
B. 60° D. 54.162°

4. Find the distance between the points A (-2,3) and B (6,8).
A.14.15 C.6.40
B.9.43 D. 13.60

5. Find the area of the triangle whose vertices are at points A (3,4), B (-2, 1)

and C (5, -6).
A.56 C.28
B. 14 D. 26

6. Find the shortest distance from point (2,3) to the line 3x + 2y - 5 = 0.
A.2.94 C.1.94
B. 3.44 D. 2.52

7. What is the distance between the lines: 5x -2y + 3 =0and 5x -2y + 7 = 07?
A.0.743 C.0.190
B. 1.346 D. 5.385

8. The curve x? + y? — 4x + 2y — 4 = 0 has its center at?
A (2,1) C.(2,-1)
B.(-2,-1) D.(-2,1)

9. What is the radius of the curve x* + y? — 6x — 8y — 11 = 0?
A 11 C.1
B.6 D.3

10.Find the centroid of the triangle whose vertices are at points (3, 4), (6, -9)

and (-6, 2).
A(1,1) C.(-1,1)
B.(1,-1) D. (-1,-1)

11.The equation of the line passing through points (2, 4) and (5, 8) is?
A 3x+4y=-4 C.3x-4y=4
B.4x-3y=-4 D.4x+3y=4
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12.Two lines 3x + 2y - 3 =0 and Ax - 3y +2 = 0 are perpendicular to each other.
Determine the value of A.
A2 C.-2

B.0 D.-1

13.What is the equation of the line with slope equal to 3 and y-intercept of 5?
A.y=5x+3 Cy=-3x-5
B.y=5x-3 D.y=3x+5

14.What is the equation of the line that passes through the origin and
perpendicular to the line 3x - 4y + 3 =07
A 3x+4y=0 C.4x-3y=0
B.4x-3y=0 D.4x+3y=0

15.What is the equation of the line that passes through the origin and parallel
to the line 5x - 2y + 3 =07
A.2x-5y=0 C.5x-2y=0
B.5x+2y=0 D.2x+5y=0

16.A circle passes through the point (5, 7) and has its center at (2, 3). Find its
equation.
A (x+2)2+(y-3)2=25 C.(x-2)2+(y+3)2=25
B.(x-2)2+(y-3)2=25 D.(x+2)2+(y+3)2=25

17.How far is the center of the circle x? + y? — 6x — 8y — 11 = 0 from the y-
axis?
A3 C.6
B. 4 D.2

18.Find the vertex of the parabola whose equation is y? — 2x — 4y + 2 = 0.
A (1,-2) C.(2,-1)
B. (-1, 2) D.(2,1)

19.Determine the equation of the directrix of the parabola: y? = 16x.
A x=4 C.x=-4
B. y= -4 D. y = 4

20.A parabola has an equation of x? — 4y — 2x + 8 = 0. Find the length of the
latus rectum.
Al C.4
B. 16 D.8

21.A parabola has its vertex at (2, 4) and focus at (4, 4). Determine its equation.
A (y+4)2=4(x-2) C.(y-4)?=8(x-2)
B.(y+4)2=4(x+2) D.(y-4)?2=8(x-2)

22.The eccentricity of a parabola is always equal to?
A0 C.lessthan 1
B. greater than 1 D.1

106 MEGAREVIEW AND TUTOR\}AL CENTER

isit For more Pdf's Books
Pdfbooksforum.com



Visit For more Pdf's Books
Pdfbooksforum.com

CIVIL ENGINEERING MATHEMATICS BOARD EXAMINATION REVIEW BOOK

23.What is the eccentricity of an ellipse whose length of major and minor axes
equal to 5 and 4, respectively, with center at origin?
A.5/3 C.3/5
B.4/5 D.3/4

24.Find the second eccentricity of the curve 9x* + 4y? — 36x— 8y + 4 = 0.
A.2.24 C.1.12
B. 0.89 D. 0.45

25.Convert r = 3cos0 into Cartesian coordinates.
Ax2+y2-3x=0 C.x2+y2+43x=0
B.x2-y2-3x=0 D.x2+y2+3x=0

26.Convert x> + y% — 2x + 4y = 0 into polar form.
A.2r - 4cosO - 2sin6 =0 C.2-2sinB-4cos6=0
B.r-2cos0 + 4sinf =0 D.2 -4co0s0 + 2sin6 =0

27.Determine the polar coordinates of a point having a Cartesian coordinate of

(3,4).
A.5253.13° C.52-53.13°
B.-5£53.13° D.-52-53.13°

28.Determine the Cartesian coordinate of a point having a polar coordinate of
(12,30°).
A. (6,10.392) C.(10.392,-6)
B. (-6,-10.392) D. (10.392, 6)

29.Determine the flatness of the ellipse 9x2 + 4y% — 36x — 8y + 4 = 0.
A.1/2 C.2
B.5/4 D.4/5

30.Find the distance between points (2, 3, 5) and (-1, 4, -2) in space.
A.7.86 C.8.67
B.7.68 D.6.78

31.What s the radius of a sphere that passes through (1, 3, 6) and has its center
at the origin?
A.7.86 C.8.67
B.7.68 D.6.78

32.Determine the point of intersection of the planes: 4x —3y+2z=7, x+
2y —z=4and 5x+y+ 2z = 21.

A. (-2,-3,-4) C.(2,3,4)
B. (3,4, 2) D. (-3,-4,-2)
2 2
33.Determine the equation of the asymptote of the hyperbola % - :—6 = 1.
A 6x-7y=0 C.7x+6y=0
B.7x-6y=0 D. no asymptote
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34.Find the distance between foci of the curve 9x% + 4y? — 36x — 8y + 4 = 0.
A.17.89 C.4.47
B.2.34 D. 3.58

35.The eccentricity of the curve 9x? — 4y? = 36is?
A.1.20 C.0
B.3.61 D. 1.80

36.Find the locus of points such that the distance from (2, 3) to any point on the
curve is twice the distance from the line x = 3 to that point on the curve.
A 3x2-y2+20x+6y-23=0 C.3x2-y2-20x+6y+23=0
B.x2+3y2+20x-6y+23=0 D.x2-3y2-20x+6y+23=0

37.Find the new equation of the curve 5x - 2y = 2 if the origin is translated to
the point (2, -3).
A5SX +2y'-12=0 C.2x' -5y +14=0
B.5x' -2y’ +14=0 D.5x" +2y'-12=0

38.Determine the new equation of the parabola y? — 6x + 4y + 22 = 0 if the
origin is translated to its vertex.

A 6y?=x C.y?%2=6x
B. 6y’ =x"2 D.y’ =4x’2
. . x-4)%2 | (y-3)2 . C e
39.Find the new equation of the curve t = 1 if the origin is
translated to the center of the ellipse.
A.25x2+36y2=0 C.36x2 + 25y’2 =450
B. 25x"2 +36y’2=900 D.36x’2+36y'2 =225

40.Find the point to which the origin must be translated in order that the
transformed equation of the curve 4x? + 4y? — 8x + 4y + 1 = 0 will have
no first-degree term.
A (1/2,1) C.(1,1/2)
B.(1,-1/2) D.(-1/2,-1)

41.Determine the new equation of the curve xy = 4 when the axes are rotated
45°,
A x2-8y2=1 C.4x2-y2=1
B.x2-y?=8 D.x2+y2=4

42 Find the new equation of the curve x? = 16y if the axes are rotated 30°.
A.3.46x2-3Xy +y2=%x"+ 5543y
B.x"2 - 3.46xy +y'2=32x"+55.43y
C.3.46x2-3xy’ +y2=x"+55.43y’
D.3x2-3.46X'y’ +y'2=32x"+ 55.43y’

43.What is the new equation of the line 3x + 2y = 1 if the axes are rotated 60°?
A.3.20x'-3.20y' =16 C.3.20x"+3.20y' =1
B.-6.46x" +3.20y’ =1 D. 6.46x’ -3.20y’ = 2
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44 Transform the equation x? — y? = 25 by rotating the axes through 45°.
A 2xXy' +25=0 C.2x -25y' =0
B. 2y’ +25x' =0 D.2x’ +25y' =0

45.Find the acute angle of rotation such that the transformed equation of 7x? +
V3xy + 6y? = 16 will have no X'y’ term.
A. 45° C.30°
B. 60° D. 83.66°

46.Determine the angle of rotation such that the transformed equation of xy =
1 will have no x’y’ term.
A. 45° C.30°
B. 60° D. 83.66°

47 Determine the center of the sphere x? + y? + z2 + 8x + 6y + 10z = 0.
A.(4,3,5) C. (-4, -3, -5)
B.(3,5,4) D. (-3,-5, -4)

48.Find the radius of the sphere x? + y? + z? + 2x— 6y — 12z = 0.
A.8.76 C.7.86
B.6.78 D. 3.39
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PLANE ANALYTIC GEOMETRY SOLUTIONS
1. Find the slope of the line 3x - 2y + 3 = 0.
First Solution:
Transform the equation in the form y = mx + b:

3x—2y+3=0
2y =3x+3
3 3
y=3%*3
-3

Second solution:
The slope of the line in the form Ax+ By + C=0ism = — %:
-3
m==

m=§

2. Compute for the acute angle between the lines whose slopes are, m1 = 1/3

and m; = 2.
Solution:
m, —m
tan@ = —2 !
1+ mym,
-}
tan 6 = T
1+ (2) (g)
tan 0 =
0 = 45°

3. What is the acute angle formed between the lines 4x -y + 3 =0 and 2x - 5y
-1=07
Solution:
4x —y+ 3 = 0 - equation 1
2x — 5y —1 =0 — equation 2

_ Al__4_4

M="g =17

B AZ_—Z_Z

M="3 =575
m m
tan® = —2 !
1+ mym,
24
tan 9 = 5
1+(2)(§)

0 = —54.162° or 0 = 54.162°

110 MEGAREVIEW AND TUTOR\}AL CENTER

isit For more Pdf's Books
Pdfbooksforum.com



Visit For more Pdf's Books
Pdfbooksforum.com

CIVIL ENGINEERING MATHEMATICS BOARD EXAMINATION REVIEW BOOK

4. Find the distance between the points A (-2, 3) and B (6, 8).
Solution:
By distance formula:

d= \/(Xz —x1)*+ (y2 —y1)?
d=./(6+2)%+(8-3)2

d=+v89
5. Find the area of the triangle whose vertices are at points A (3, 4), B (-2, 1)
and C (5, -6).
Solution:

X1 X X3X1=|3 —2 513
Y1 Y2 Y3ly1 4 1 -—-6l4

2A = [(x1y2 + X2y3 + X3y1) — (V1Xz + ¥2X3 + ¥3Xy)]
2A = [[A)(D) + (=2)(—6) + B)D)] — [(D(=2) + (1)(5) + (—6)(3)]|
2A =56

A = 28 sq. units

6. Find the shortest distance from point (2, 3) to the line 3x + 2y - 5 = 0.
Solution:
The distance from a point (x,,y,) to aline Ax + By + C = 0 is:
Ax, + By, +C
e
(3)(2) + (2)(3) =5

d =

d=1.94

7. What is the distance between the lines: 5x -2y +3=0and 5x -2y + 7 =0?
Solution:
Distance between two parallel lines:
C— G
VA? 4 B?
7-3
52 + (—2)2
d=0.743

8. The curve x? + y? — 4x + 2y — 4 = 0 has its center at?

First Solution:
2 2

2y +(4)2+ 2 42 +(2)2_4+(4) ()
XTEXT\p) TY TAyT\3) T 2 2

x—2)2+F+1)?%*=9
=~ C(2,-1)
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Second solution:

Type:
B
" 2A
Press CALC:
Solve for h:
B=?B=-4
A=?A=1
h=2
Solve for k:
B=?B=2
A=?A=1
k=-1
~ C(2,-1)

9. What is the radius of the curve x? + y? — 6x — 8y — 11 = 0?
Solution:

By completing the square:
2

z 6+(6)2+z 8+(8)2-11+(6)+(8)
X Ty TY YTy T 2 2
(x—3)2+ (y— 4)* = 62

“Tr=6

2

10.Find the centroid of the triangle whose vertices are at points (3, 4), (6, -9)
and (-6, 2).
Solution:

_ X1+ X, +X3
X = Xmean =

3
. 34+6+(—6)
X =
3
x=1
_ Y1 tYy2tys3
y_Ymean_f
4+ (—9)+2
y= 3
y=-1
~C(1,-1)
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11.The equation of the line passing through points (2,4) and (5,8) is?
Solution:

mzYz_Y1_8_4=f
X,—X; 5—2 3

4 y—wn

3 x—x;

4 y—4

3 x-2

12.Two lines 3x + 2y - 3 =0 and Ax - 3y +2 = 0 are perpendicular to each other.
Determine the value of A.

Solution:
3x+ 2y — 3 =0 — equation 1
3 3
y=-3%=3
3
m; = —3

Ax — 3y + 2 = 0 — equation 2
A 2

y=§x+§

13.What is the equation of the line with slope equal to 3 and y-intercept of 57
Solution:
Equation of a line:
y=mx+Db
y=3x+5

14.What is the equation of the line that passes through the origin and
perpendicular to the line 3x - 4y + 3 =07

Solution:
3x—4y+3 =
3 3
y=3%%g
3
my =
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The slope of the line is -4 /3 and passes through the origin (0,0).

4 y-0

3 x-0
—4x = 3y
4x+3y =0

15.What is the equation of the line that passes through the origin and parallel
to the line 5x - 2y + 3 =07

Solution:
5x—2y+3 =
5 3
y:§X+E
B 5
.M = E

The line is parallel to line 1. Thus, its slope is also equal to 5/2. It passes

through the origin.
5 y—0
2 x—0
5x — 2y =

16.A circle passes through the point (5, 7) and has its center at (2, 3). Find its
equation.

Solution:
Standard equation of the circle:

x-h*+(y—-k?=r?

(x—=2)*+(y—3)=r?
It passes through (5,7). Thus:

(5-2)2+(7—-3)*=r?
r=5
~(x=-2)2%+(y—-3)2=25

17.How far is the center of the circle x? + y? — 6x — 8y — 11 = 0 from the y-
axis?

Solution:

By completing the square:
2 2 2

o (Q vt -ors () =14 (Y )

x—3)°+ -4 =6

2

The distance from the center (h, k) of a circle from the y-axis is h. Therefore:
h=3
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18.Find the vertex of the parabola whose equation is y?> — 2x — 4y + 2 = 0.
Solution:

y2 — 4y = 2x — 2
yZ — 4y + (i>2 =2x—2+ <é>2
2 2
(y—2)2=2x+2
(y—2)=2(x+1)
Therefore, the vertex is at:
V(-1,2)

19.Determine the equation of the directrix of the parabola: y? = 16x.

Solution:
y? = 16x

The curve is a parabola that concaves to the right having a latus rectum

equal to 16. Its vertex is at origin.
LR =16 = 4a
a=4

The distance from the vertex to the directrix is a = 4 to the left. Therefore,

the equation of the directrix is:
X =—4

20.A parabola has an equation of x2 — 4y — 2x + 8 = 0. Find the length of the

latus rectum.
Solution:
X2 —4y—2x+8=0
x2—2x=4y—8
2\° 2\°
x2 —2x+(§) = 4y—8+(§)
x—1)?2=4y—-7

=463

~LR=4

21.A parabola has its vertex at (2,4) and focus at (4,4). Determine its equation.

Solution:
LR=4a=4(2)=8
The equation is:
(y —K)? = LR(x— h)
y-4?*=8(x-2)

22.The eccentricity of a parabola is always equal to?
Solution:
e = 1 (parabola)
e < 1 (ellipse)
e > 1 (hyperbola)
The eccentricity of a parabola is always equal to 1.
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23.What is the eccentricity of an ellipse whose length of major and minor axes
equal to 5 and 4, respectively, with center at origin?
Solution:

24.Find the second eccentricity of the curve 9x? + 4y% — 36x — 8y + 4 = 0.
Solution:
9x% + 4y% — 36x — 8y = —4
I(x? —4x+4)+4(y? -2y +1) = —4+9(4) + 4(1)
9(x —2)% + 4(y — 1)? = 36
2 2
(x—2) N y-1)

22 3z 1
a=3;b=2
a’ =b% +c?
32 = 22 4 ¢2
c=+5

The second eccentricity, €’ is:

25.Convertr = 3cos0 into Cartesian coordinates.
Solution:

Therefore:

SR =
x? +y? = 3x
x2+y2—-3x=0

26.Convert x* + y% — 2x + 4y = 0 into polar form.
Solution:
X2 +y?2—2x+4y=0
r2 — 2(rcos0) + 4(rsin®) = 0
r—2cos0+4sin0=0
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27.Determine the polar coordinates of a point having a Cartesian coordinate of
(3,4).
First Solution:

(3,4) - rs0
=P & =5
o1 (Y
0 = tan (;)
0 =tan?! <é>
a3
6 =53.13°
~.54£53.13°
Second solution:
Type:
Pol(3,4)
Then press =

r=25,0=>53.13°

28.Determine the Cartesian coordinate of a point having a polar coordinate of
(12,30°).
First Solution:

X =rcos0
x = 12 cos 30°
x = 10.392
y =rsin0
y = 10sin 30°
y==6
Therefore:
(10.392,6)

Second solution:

Type:
Rec(12,30°)
x=10.392,y=6

29.Determine the flatness of the ellipse 9x2 + 4y% — 36x — 8y + 4 = 0.
Solution:
9x? + 4y? — 36x — 8y = —4
I9(x? —4x+4) +4(y? -2y +1) = —4+9(4) + 4(1)
9(x—2)2+4(y—1)? =36
2 2
=2 G-

22 32
a=3,b=2
Ellipse flatness, f:
a—b
(==
3-—-2
f=—-
1
=2
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30.Find the distance between points (2, 3, 5) and (-1, 4, -2) in space.
Solution:

d=(x;— %)% + (2 — y1)? + (25 — 21)?
d=.(-1-2)2+(4—-3)2+(-2-5)2
d =59

31.What s the radius of a sphere that passes through (1, 3, 6) and has its center
at the origin?
Solution:
The radius of the sphere is equal to the distance from its center to the point
on the sphere.

r=,1-0)2+3-0)2+(6-0)2
r =46

32.Determine the point of intersection of the planes: 4x — 3y + 2z =7, x +
2y —z=4and 5x +y + 2z = 21.
Solution:
At the point of intersection:
X1 = Xy = X3
y1=Y2=Y3
2, =12 =173
Therefore, we have to solve the three equations simultaneously:
Go to MODE 5-2:

4 -3 2 7
1 2 -1 4
5 1 2 21
Xx=2y=3;z=4
~(2,3,4)
2 2
33.Determine the equation of the asymptote of the hyperbola % - ;’—6 = 1.
Solution:
The asymptotes of the hyperbola
X2 2
Xy
72 62
passes through the origin and have slopes m; = Sand m, = — S. Thus:
6 -0
to=2
7 x-—0
6x+7y=0
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34.Find the distance between foci of the curve 9x% + 4y? — 36x — 8y + 4 = 0.
Solution:
9x? + 4y? — 36x — 8y = —4x% + 4y? — 36x — 8y = —4
O(x—4x+4)+4(@y?*—2y+1)=—-4+9(4) +4(1)
9(x—2)*+4(y—1)2 =36
(x —2)? N (y —1)?

22 3z 1
a=3;b=2
a’? =b%+c?
32 =22 4+ ¢?
c=+5
Distance between foci is 2c:
2¢ =2V5
35.The eccentricity of the curve 9x? — 4y? = 36is?
Solution:
9x? — 4y? = 36
L A
22 32
a=2:b=3
c? = a® + b?
c2=22+3%
c=+13
The eccentricity, e is:
c V13
€=a""72

36.Find the locus of points such that the distance from (2, 3) to any point on the
curve is twice the distance from the line x = 3 to that point on the curve.
Solution:
Let P(x,y) be any point on the curve:
Jx=2)2+ (y—3)% =2/ (x—3)?
x—=2)2+(y—3)* =4(x—3)?
X2 —4x+ 4 +y? —6y+9 =4x* —24x + 36
3x2 —y2—-20x+6y+23=0

37.Find the new equation of the curve 5x - 2y = 2 if the origin is translated to
the point (2, -3).
Solution:
The origin is translated to (2, -3). So, we put h = 2 and k = -3. The translation
formulas are:

x=x"+h
y=y +Kk
5x — 2y = 2

5x'+2)-2(y'—3)=2
5% 4+ 10 — 2y’ + 6 = 2
5% —2y' +14 =0
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38.Determine the new equation of the parabola y? — 6x+ 4y + 22 = 0 if the
origin is translated to its vertex.
Solution:
y2—6x+4y+22=0
4\? 4\?
y? +4y+<§) = 6x—22+(§)
(y+2)2=6x—18
(y+2)2=6(x-3)
=~ V(3,-2)

So,weputh=3and k=-2:
y2—6x+4y+22=0
y =22 —-6x'+3)+4(y' —2)+22=0
(y)2—4y' +4—6x'—18+4y' —8+22=0

y'2—6x" =0
y/2 — 6X’
—4)2 _2)2
39.Find the new equation of the curve G 4 (yzs) =1 if the origin is

translated to the center of the ellipse.
Solution:

C(4,3)

So,we puth=4and k =3:
x-9’ =3 _
36 25
(x’+4—4)2_|_(y’+3—3)2 B
36 25 B
25(x’)2 + 36(y’)2 =900

1

40.Find the point to which the origin must be translated in order that the

transformed equation of the curve 4x? + 4y? — 8x + 4y + 1 = 0 will have
no first-degree term.

Solution:
x=x"+h
y=y +Kk

4% + 4y —8x+4y+1=0
4x'+h)?+4(y +k)?—-8x' +h)+4(y'+k)+1=0
4(x?+2x’h+h?) +4(y? +2y'k+k?) —8x' —8h + 4y’ + 4k+1 =10
4x'2 + 8x'h + 4h? + 4y'> + 8y'k + 4k®> —8x' —8h + 4y’ + 4k+ 1 =0
4x'> + (8h — 8)x' + 4y'2 + (8k+ 4)y’ + 4h? + 4k* —8h+4k+1=0

We want to eliminate the first-degree terms in the new equation. Thus, we
equate the coefficient of x’ and y’ to zero.

(8h—8)=0;h=1
1
(B8k+4)=0;k= —3
The origin must be translated to (1, - %), the center of the circle.
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41.Determine the new equation of the curve xy = 4 when the axes are rotated
45°.
Solution:

The rotation formulas are:
X =X cosB —y’sin0O
y =x'sin® +y' cosH

xy =4

(x'cos® —y’'sinB)(x'sinB +y' cosB) =
x'2sinBcos O + x'y’ cos?0 —x'y’sin? @ —y'?sinBcos 0 = 4
x'2sinBcos 0 + x'y'(cos? 0 — sin?0) —y'?sinBcos O = 4
X2+ x'y' cos20 —y'?>sinBcos 0 = 4

1 1
Grorly)-
* (2) TUTYRZ
XIZ _ ylz — 8
42 Find the new equation of the curve x? = 16y if the axes are rotated 30°.

Substitute 6 = 45°:

Solution:
x? = 16y;0 = 30°

(x' cos® —y'sin0)? = 16(x’'sinB® + y’ cos 0)
x'2 c0s? 0 — 2x'y’sinB cos 0 + y'?sin”? 8 = 16x’sinB + 16y’ cos O
3 V3 1
_XIZ _ 2XIyI < > yrz = 8x’ + 8\/§yl
4 4
3x'2 — 2V/3x'y’ +y'? = 32x' + 32V3y’

43.What is the new equation of the line 3x + 2y = 1 if the axes are rotated 60°?

Solution:
3x+ 2y =1;0 = 60°

3(x' cosB —y'sinB) + 2(x'sin® +y'cosB) =1
3x' cos 0 — 3y’ sin B + 2x'sin® + 2y’ cos6 =1
(3cosB+2sinB)x’ + (2cos® —3sinB)y’ =1

3+42vV3 , 2-3V3 |
> X + > y =
(3+2V3)x'+(2-3V3)y' =2

44.Transform the equation x? — y? = 25 by rotating the axes through 45°.

Solution:

x? —y? = 25;0 = 45°
V2
2

2
cos 45° =7;sin6 =

(x' cos® —y'sin0)? — (X’ sin® + y’ cos 9)2 =25
£x —£ - £X +£ =25

2 R 2 2V ) =
x?—=2x"y' —y'?) - (x?+2x'y' +y'?) =50
2x'y'+25=0
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45.Find the acute angle of rotation such that the transformed equation of 7x? +
V3xy + 6y? = 16 will have no X'y’ term.
Solution:
The general second-degree equation is:
Ax?* + Bxy+ Cy*+Dx+Ey+F=0
The x’y’ term will only vanish if its coefficient is zero. By rotation of axes, 0
may be determine using:

tan 20 =

A_C;lfAiC

V3
tan 20 = 1°¢
20 = 60°%0 = 30°
46.Determine the angle of rotation such that the transformed equation of xy =
1 will have no x'y’ term.
Solution:
(x'cos® —y'sin0)(x'sin6 +y'cosB) =1
x'2sinBcos O + x'y’ cos?0 —x'y’sin? 0 —y'?sinBcos 0 =1
(x")?sin 0 cos O + (cos? 0 —sin?0) — (y')?sinBcos® = 1
To eliminate X'y’ term, set the coefficient to zero:
cos?0 —sin?0 =0

cos20=0
20 = 90°
0 =45°

47 Determine the center of the sphere x* + y2 + z2 + 8x + 6y + 10z = 0.
Solution:

x2+y2+z2+8x+6y+10z=0

6
X2+8x+<5) +y2+6y+(§) +zz+102+(7)
2 2

-(3) +() +(3)

x+4)2+(y+3)2+(z+5)?%=50

« C(—4,-3,-5)

48.Find the radius of the sphere x? + y? + z* + 2x— 6y — 12z = 0.
Solution:
x2+y?+2z2+2x—6y—12z=0

242 +<2)2+ Z-6 +(6)2+ 2—-12 +(12)2
X X > y y > Z Z >
2 2

-3 +6) +(3)

x+1)2+({y—-3)2+(z—-6)? =46

R? = 46
R =+v46
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SOLID MENSURATION

1. The number of diagonals of a regular polygon is 35. Find the area of the
polygon if its apothem measures 10 centimeters.
A.324.92 cm? C.342.29 cm?

B. 234.29 cm? d. 243.92 cm?

2. Find the number of sides of each of the two polygons if the total number of
sides of the polygons is 15, and the sum of the number of diagonals of the
polygon is 36.

A.5and 10 C.7 and 8
B.9and 11 D.6and 9

3. Aregular hexagon A has the midpoints of its edges joined to form a smaller
hexagon B. This process is repeated by joining the midpoints of the edges of
hexagon B to get a third hexagon C. What is the ratio of the area of hexagon
C to the area of hexagon A?

A.16:9 C.3:5
B.9:16 D.5:3

4. In aright triangle, the bisector of the right angle divides the hypotenuse in
the ratio of 3 is to 5. Determine the measures of the acute angles of the
triangle.

A.26.57° and 63.43° C.30.96° and 59.04°
B. 33.69° and 56.31° D. 14.04° and 75.96°
5. In an acute triangle ABC, an altitude AD is drawn. Find the area of triangle
ABC if AB =15 inches, AC = 18 inches, and BD = 10 inches.
A. 143.67 in? C.101.21 in2
B.177.57 in2 D. 134.76 in2
6. If AABCis equilateral,@ = E,E = l, and AF _ L Find the ratio of the area
BC 3’CA 3 AB 3
of AABC to the area of the small triangle in the middle. (See figure)
C
/"‘/‘ « D
AL B
F
A 4:1 C.7:1
B.6:1 D.7:2
7. Aside of a square is 16 inches. The midpoints of its sides are joined to form

an inscribed square. Another square is drawn in such a way that its vertices
would lie at the midpoints of the sides of the second square. This process is
continued infinitely. Find the sum of the areas of these infinite squares.

A. 256 in? C. 128 in?

B. 512 in? D. 768 in?
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8. The area of an isosceles trapezoid is 246 m2. If the height and the length of
one of its congruent sides measures 6 m and 10 m, respectively, find the
lengths of one of the base.

A.25m C.38 m
B.33m D.35m

9. The altitude BE of parallelogram ABCD divides the side AD into segments in
the ratio 1:3. Find the area of the parallelogram if the length of its shorter
side AB is 14 cm, and one of its interior angle measures 60°.

A. 293 cm? C. 392 cm?
B. 339 cm? D. 420 cm?

10.Circle C has radius 10 cm. Each of points B and D is on the midpoint of the
radius. Find the area of the shaded region. (See figure)

A

D

C B E
A. 61.87 cm? C.45.21 cm?
B. 29.68 cm? D. 78.54 cm?

11.Two perpendicular chords divide a circle with a radius 13 cm into four parts.
If the perpendicular distances of both chords are 5 cm each from the center
of the circle, find the area of the smallest part.
A.31.01 cm? C.15.51 cm?
B. 22.64 cm? D. 42.55 cm?

12.Three circles with centers A, B, and C are externally tangent to each other as
shown in the figure. Lines EG and DG are tangent to circle C at points F and
D and intersect at point G. If each circle has a diameter of 6 inches, find the
area enclosed by lines FG and GD, and arc FD. (See figure)

F

A.22.52 in? C. 3.048 in?
B. 44.96 in? D. 27.89 in2
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13.In a circle with diameter of 20 cm, a regular five-pointed star touching its
circumference is inscribed. Find the area of the star.
A. 159.25 cm? C.191.03 cm?

B.112.26 cm? D. 203.67 cm?

14.1f the area of the square shown in the figure is 36 square inches, find the
area of the inscribed four-leaf figure. (See figure)

A. 20.55 in? C.18.76 in?
B. 16.74 in?2 D. 23.66 in?

15.Two semicircles area inscribed in a square with side 8 cm as shown. Find
the area of the shaded region. (See figure)

NV

- |
A. 25.78 cm? C.22.87 cm?
B. 19.56 cm? D. 28.55 cm?

16.The corresponding edges of two regular tetrahedrons are 1 cm and 3 cm. If
the sum of the weights of the two tetrahedrons is 100 grams and both solids
area made up of the same material, find the weight of the bigger solid.
A.96.43 grams C.79.35 grams
B. 88.02 grams D. 93.25 grams

17.Find the volume of a regular tetrahedron whose altitude measures 10 cm.
A. 34495 cm3 C.433.49 cm3

B.503.63 cm3 D.216.51 cm3
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18.A container in the form of a triangular prism as shown in the figure below
contains water at a depth of 6 inches. Find the volume of water. (See figure)

A. 216 in3 C.108 in3
B. 432 in3 D. 324 in3

19.A flower vase, in the form of a hexagonal prism, is to be filled with 512 cubic
inches of water. Find the height of the water if the wet portion of the flower

vase and its volume are numerically equal.
A.1.22 inches C. 34.86 inches

B. 2.38 inches D. 12.70 inches

20.In a regular hexagonal prism, the ratio of an edge of the base to the height of
the prism is 1:5. Find the volume of the prism if the lateral area is 270 cm?.
A.350.74 cm3 C.175.37 cm3
B.233.83 cm3 D.210.44 cm3

21.Find the area of the triangular section of the rectangular solid shown in the
figure. (See figure)

-

A. 44.80 in? C.56.00 in?
B. 33.60 in? D. 42.00 in?

22.Find the edge of a cube if its surface area is numerically equal to its volume.
A. 6 units C. 3 units
B. 4 units D. 5 units

23.The base of a rectangular solid is 4 ft. long and 3 ft. wide. Find the volume of
the solid if its diagonal is V41 ft.
A.72.00 ft.3 C.48.00 ft.3
B. 80.00 ft.3 D. 43.20 ft.3

24.The size of abrickis 25 cm x 12 cm x 55 cm and its density is 1.8 x 103 kg/m3.
How many trips must a 3-ton dumper carry out to transport 15,000 bricks
to a construction site? (Hint: 1 metric ton is equivalent to 1,000 kg.)
A. 149 trips C. 160 trips
B. 155 trips D. 190 trips
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25.A cylindrical tank of height equal to twice the diameter of its base can hold
10 liters (1 L = 1,000 cm3) of water. Another cylindrical container with the
same capacity has its height equal to three times the diameter of its base.
Find the ratio of the amount of aluminum required for making the two
containers, including covers.

A.0.936 C.0.693
B.0.963 D. 0.396

26.A closed cylindrical tank measures 12 ft. long and 5 ft. in diameter. It has to
contain water with a depth of 3 feet when the tank is lying in horizontal
position. Find the height of water when the tank is in its vertical position.
A.7.96 ft. C.8.56 ft.

B. 6.98 ft. D.7.52 ft.

27.A regular pentagonal pyramid has an altitude of 20 cm and a slant height
which measures 25 cm. Find the volume of the pyramid.
A.3566.46 cm3 C.4191.78 cm3
B.1783.57 cm?3 D. 4458.92 cm3

28.Find the volume of the pyramid bounded by the plane defined by 2x + 3y +
z = 6 and the coordinate planes.
A. 8 cubic units C. 4 cubic units
B. 10 cubic units D. 6 cubic units

29.Aright circular cone is inscribed in a cube having a diagonal which measures

10+/3cm. Find the volume of the cone.
A.250/3 mcm3 C.175/3 m cm3
B.560/9 m cm?3 D. 640/9 T cm3

30.Two similar cones have Volumes% in®and 12w in3, and the slant height of

the bigger cone is 7.5 in. Find the integer solution to the slant height of the
smaller cone.

A.41in C.6in

B.5in D.7 in

31.A steel cylinder has a 4-inch diameter base and a height of 6 inches. A hole
in the form of a right circular cone with its base coincident with the base of
the cylinder and axis coincident with the axis of the cylinder is filled with
lead. The diameter of the base of the cone is 2 inches and its height is 1 inch.
If the steel weighs 490 Ib/ft3 and the lead weighs 710 lb/ft3, find the total
weight of the composite solid.

A.30.67 lbs C.21.511bs
B. 28.91 Ibs D. 18.66 lbs

32.The volume of a frustum of a right circular cone is 52 ft3. Its altitude is 3 ft.
and the measure of its lower radius is three times the measure of its upper
radius. Find the lateral area of the frustum.
A.1017.72 ft3 C.1277.62 ft3
B. 982.59 ft3 D.1322.77 ft3
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33.The base edges of a frustum of a regular pentagonal pyramid are 4 in and 8
in, and its altitude is 10 in. Find the volume of the frustum.
A.788.24 in3 C.789.52 in3
B.555.55in3 D.642.31 in3

34.The volume of a truncated right triangular prism if 72 ft3. The lengths of the
two perpendicular edges of the base are 3 ft. and 4 ft., and two of the lateral
edges measure 14 ft. and 12 ft. Find the measure of the third lateral edge.
A.15.22 ft C.16.54 ft.
B. 10.00 ft. D. 8.60 ft.

35.In a truncated right circular cylinder, the top plane makes an angle of 60°
with the horizontal, and the shortest and longest elements are 4 and 10
units, respectively. Find the volume of the solid.
A. 21 1 cubic units C. 42 1 cubic units
B. 63/4 1t cubic units D. 231/8 1 cubic units

36.Suppose two cylindrical tubes with the same diameter intersect at right
angles. If the diameter of each tube is 6 cm, find the volume of the common
part between the tubes.
A.36 T cm3 C.144 cm3
B. 72 mcm3 D. 108 cm3

37.The plane of a small circle in a sphere of diameter 18 inches is 6 inches from
the center of the sphere. Find the area of the small circle.
A.54 min3 C.72min3
B. 10 min3 D. 45 m cm3

38.A plane is tangent to a sphere at point A. A point B on this plane is 10 cm
from the surface of the sphere and is 16 cm from point A. Find the surface
area of the sphere.

A.674.78 cm3 C.764.54 cm3
B. 746.34 cm3 D.874.36 cm3

39.The base of a spherical pyramid is a bi-rectangular triangle whose third
angle is 23°. If the diameter of the sphere is 90 cm, find the volume of the
spherical pyramid.
A. 12193 cm3 C.270.956 cm3
B. 36579 cm3 D. 1590.39 cm3

128 MEGAREVIEW AND TUTOR\}AL CENTER

isit For more Pdf's Books
Pdfbooksforum.com



Visit For more Pdf's Books
Pdfbooksforum.com

CIVIL ENGINEERING MATHEMATICS BOARD EXAMINATION REVIEW BOOK

SOLID MENSURATION SOLUTIONS

1. The number of diagonals of a regular polygon is 35. Find the area of the
polygon if its apothem measures 10 centimeters.

Solution: s
n(n —3) :
n=—=
2 10 cm
35 _ n(n — 3)
= 5 |
n = 10 0=18°
From the figure,
S /2 \—/
tan18° = —=
an 10
s = 6.50 cm
From the formula of the area,
1
A=-=P
> a
A 1
=3 nsa

1
A = (10)(6.50)(10)
A = 324.92 cm?

2. Find the number of sides of each of the two polygons if the total number of
sides of the polygons is 15, and the sum of the number of diagonals of the
polygon is 36.

Solution:
n; +n, =15 — equation 1
d; +d, = 36 — equation 2
From equation 1:
n,=15—-n,
From equation 2:
n;(n; — 3) N n;(n; — 3)
2 2
n,;(n; — 3) + n,(n, —3) = 72 - equation 3
Substitute equation 1 to equation 3:
n;(n; —3)+ (15—ny)[(15—n,) - 3] =72

= 36

Solving for ni:
n1 - 9
n, = 6

MEGAREVIEW AND TUTORIAL CENTER 129

Visit For more Pdf's Books
Pdfbooksforum.com



Visit For more Pdf's Books
Pdfbooksforum.com

CIVIL ENGINEERING MATHEMATICS BOARD EXAMINATION REVIEW BOOK

3. Aregular hexagon A has the midpoints of its edges joined to form a smaller
hexagon B. This process is repeated by joining the midpoints of the edges of
hexagon B to get a third hexagon C. What is the ratio of the area of hexagon
C to the area of hexagon A?

Solution:

Referring to the figure:

SA
IZV SB
Sc
. n—2)
interior angles = = 180°
L 6—2)
interior angles = (180°)

6
interior angles = 120°

(sp)* = (S?A) + (S?A)Z -2 (S?A) (S?A) cos 120°

3
(sp)* = 4 (sa)?

By cosine law,
2

V3
Sp — 75A
Applying the same manner to hexagon B and hexagon C:
V3
Sc = 753

Applying principles of similarity:

AA _ <SA>2
Ac B Sc

Solve sc in terms of sa:

V3 (V3
S¢ = 7 7SA
3
S¢ = ZSA
Substituting:
2
Ay [ sa
Ac \3
Ay 16
Ac 9
Ac 9
A, 16
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4. In aright triangle, the bisector of the right angle divides the hypotenuse in
the ratio of 3 is to 5. Determine the measures of the acute angles of the
triangle.

Solution: A
Referring to the figure:
CD:AD =3:5o0r
CD 3 5
A= AD = 3 CD
Isolate ABDC:
From the figure:

By sine law: 45

45°
CD  BD B LI

sin45° siny

Solving for BD: D
BD = V2CDsiny — equation 1

Isolate AABD:

From the figure:

By sine law: B 45° Y

BD AD 5 C

siny - sin 45°

BD  °/3CD

sina sin45°
Simplifying and solve for BD:

BD = TCD sin a — equation 2

Equate equation 1 and equation 2:

5v2 ;
V2CD siny = = CDsina a\

Simplifying:
. 5
siny = zsina
But,
a+y=90°->y=90°—a 459/"
Substituting, B ¥

sin(90° — a) = gsin a

Applying trigonometric identities,

_5 3
cCosa = 3SlIlO(
RO
an o = 5

o = 30.96°
y = 59.04°
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5. In an acute triangle ABC, an altitude AD is drawn. Find the area of triangle
ABC if AB =15 inches, AC = 18 inches, and BD = 10 inches.
Solution:
Referring to the figure:

10 B/\

sina = — 10
15
oa=41.81°
D
. 15

By Pythagorean Theorem
(AD)? 4+ 102 = 152
AD = 55 in ’
5v5 By
cosP = BT} A C
B =51.60° -

Therefore,

A= %(AB)(AC) sin(a + )

1
A = (15)(18) sin(41.81° + 51.60°)
A = 134.76 in?

6. If AABCis equilateral,E = E,C—E = 1, and 2= = Z Find the ratio of the area
BC 3’CA 3 AB 3

of AABC to the area of the small triangle in the middle.

Solution:

Referring to the figure, let AF =1, AB=3

Consider ABCF, and solve for the length of CF by cosine law:
CF? =22+ 32— 2(2)(3) cos 60°
CF=+7
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Again, consider ABCF and solve o using sine law:

2 V7

sina sin 60°

a = 40.89°

The sum of a and (3 is equal to 60°, therefore:
B =19.11°

Now, considering this triangle, using sine law:

xS ?
\— 120° 7\ N
- N — O
A i ! B
P
| 3 |
3 _ a
sin120°  sin19.11°
37
a = T =~ 1133
3 1133+s
sin120°  sin 40.89°
347
S = T =~ 1133

Therefore, to solve for the ratio:

The ratio is 7:1.

7. Aside of a square is 16 inches. The midpoints of its sides are joined to form
an inscribed square. Another square is drawn in such a way that its vertices
would lie at the midpoints of the sides of the second square. This process is
continued infinitely. Find the sum of the areas of these infinite squares.
Solution:

From the figure:

Since AC = BC = 8 inches, and 2C =90°,
By Pythagorean Theorem: 16 @
82 + 82 = (AB)?

AB = 8V?2 inches
Area of first square = 16% = 256 in? 8 A 8
Area of second square = (8\/5)2 = 128 in?

Applying the same manner to the second square and third square,
Area of third square = 82 = 64 in?
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It shows that the areas of the squares form an infinite geometric
progression.
From the formula,

a
Sp = _1 , r#1
= 256 —1
a; = ,r—2
Hence,
256 . 5
sn=—1=5121n
-5

8. The area of an isosceles trapezoid is 246 m2. If the height and the length of
one of its congruent sides measures 6 m and 10 m, respectively, find the
lengths of the two bases.

b, |

>

1
E (bl == bz) J

Solution:
Referring to the figure:

1

1
b; + b, = 82 = equation 1

By Pythagorean Theorem:
b; — by\?
( - 2) +h? =12
2
b; — by\?
(12 2) + 6% = 102

b; —b, = 16 = equation 2
Solving simultaneously,
b; =49 m
b, =33 m

9. The altitude BE of parallelogram ABCD divides the side AD into segments in
the ratio 1:3. Find the area of the parallelogram if the length of its shorter
side AB is 14 cm, and one of its interior angle measures 60°.

~y B c

3x | D

1
|
|
|
|
|
|
|
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Solution:
Referring to the figure:

60° = —
COS —14

X =7cm
~AD =4x=28cm
A = bh = (14)(28) sin 60° = 339.48 cm?

10.Circle C has radius 10 cm. Each of points B and D is on the midpoint of the
radius. Find the area of the shaded region. (See figure)
Solution:

R

By ratio and proportion:
X

10 — x

_1

2
10

X=?z3.33cm

To solve the area of the shaded region:
1 , (45m 1 10 _ .
antea = 25,100 (555) =310 (542 sims5°)

Ashaded =45.21 sz

11.Two perpendicular chords divide a circle with a radius 13 cm into four parts.
If the perpendicular distances of both chords are 5 cm each from the center
of the circle, find the area of the smallest part.
Solution:

Referring to the figure:

By Pythagorean Theorem:
52 + h? = 132
h=12cm
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Solving for OE:
52 + 52 = a?
a = 5vV2cm
@)
Isolate AOEB: d
By cosine law: E
72 =13% + (5v2)  — 2(13)(5v2) cos a 13em\ | 7cm

Solving for a:

o= 22.38° B

Therefore,

Ashaded = Asector — 2A00EB
1
Ashated = 5 (13)? [2(22.38°)

Ashaded = 31.01 sz

s
180°

)] —2 E (13)(5v2) sin 22.38°]

12.Three circles with centers A, B, and C are externally tangent to each other as
shown in the figure. Lines EG and DG are tangent to circle C at points F and
D and intersect at point G. If each circle has a diameter of 6 inches, find the
area enclosed by lines FG and GD, and arc FD. (See figure)
Solution:
Referring to the figure:

6 6” P -
. .3
sin@ = 15
0 =11.54°
But,
0+ ¢ =90°
¢ = 78.46°% 180 — ¢ = 101.54°
DG
tanf = s
DG = 18tan 11.54° = 3.674 in
By Pythagorean Theorem,
(EF)? + 32 = 152
EF = 6V6in
Therefore,

Ashaded = Anapc — Aaarc — Asector FD
1 1 1
Ashaded = 7 (18)(3.674) — > (3)(6V6) — - (3)? (101.54°-

Ashaded = 3.048 inz
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13.In a circle with diameter of 20 cm, a regular five-pointed star touching its
circumference is inscribed. Find the area of the star.

Solution:

OIS

g\

10¢cm

Referring to the isolated figure:

By sine law:
10 X
sin126° sin18°
x = 3.82cm
Therefore,

Apentagram = 10" Apaos
1 .
Apentagram =10 E (3.82)(10) sin 36°

Apentagram = 112.26 cm?

18°

-36°

14.1f the area of the square shown in the figure is 36 square inches, find the
area of the inscribed four-leaf figure. (See figure)

Solution:

V//% S
N 2

From the figure:

_Ashaded = Asquare - 4'Asemicircle

Ashaded = 4Asemicircle —

Asquare

Ashadeqd = 4 [g (6)2] - 6°

Ashaded = 18T — 36
Ashaded = 20.55 inz
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15.Two semicircles area inscribed in a square with side 8 cm as shown. Find
the area of the shaded region. (See figure)
Solution:

Referring to the figure:
Ashaded = Asquare — (A1 +A; +A3)
Tt s
Ashaded = 8% — [Z (4)* + 2(4)2 + 42]
Ashaded = 22.87 sz
16.The corresponding edges of two regular tetrahedrons are 1 cm and 3 cm. If

the sum of the weights of the two tetrahedrons is 100 grams and both solids
area made up of the same material, find the weight of the bigger solid.

Solution:
Remember that:
W =vyV
Since the solid are made up of the same material, y is constant. Therefore,
\W%
V=—
Y

By ratio and proportion:

small

small <Ssmall>
Vb1g Sb1g
Lall

Y —
Wyig 27
Y
Wsmall _ 1

Woig 27
Wbig = 27vvsmall
Whig — 27Wsman = 0 = equation 1

Vb1g

From the another given,
Whig + Wsman = 100 — equation 2

Solving simultaneously,
{Wbig =96.43 g
Wsmall 3. 578
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17.Find the volume of a regular tetrahedron whose altitude measures 10 cm.
Solution:
Referring to the figure:

By Pythagorean Theorem:
x? + h? = s?
x% + 102 = s? - equation 1
By cosine law:
s? =x2 4+ x% - 2(x)(x) cos 120°
s? = 3x?
52

5 = x? — equation 2

Substitute equation 2 to equation 1:
2
S
— + 102 = 52
3

s = 5vV6cm

Therefore, the volume of the tetrahedron is:

1
V= §ABASEH
_1((5V6) V3
- (ET) o

V =216.51 cm?

18.A container in the form of a triangular prism as shown in the figure below
contains water at a depth of 6 inches. Find the volume of water. (See figure)
Solution:

By similar triangles,
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Therefore,

VHZO = Vivet prism

1
Vio = [ @ ©)| (18)
V0 = 216 in3

19.A flower vase, in the form of a hexagonal prism, is to be filled with 512 cubic
inches of water. Find the height of the water if the wet portion of the flower
vase and its volume are numerically equal.

Solution:
Take note that the top surface is not wet.
Wetted perimeter = Lateral Surface Area = 512 in?
Volume = 512 in®

V = Apaseh
s2y/3
V==6" h
4
s%v3
512 =6-" \/_h
4
h 1024 dion 1
= — equation
31/3s2 1
Wet SA = Apase + 6sh
s2V/3
512=6" + 6sh - equation 2

Substitute equation 1 to equation 2:

3s2v/3 1024
512 = + 65( )

2 3+/3s2
Simplifying,
3s34/3 2048
—512s + ——=
2 V3

Go to MODE 5-4 and get the roots:
s; = —15.08 (not valid)
s, = 12.70 (ok)

s3 = 2.38 (0ok)
Substituting the value on equation 1:
_ 1024 b= 1024
{ 3v/3(12.70)2 3\/§(2.38)2}
h=1.22in h = 34.86 in

Since the problem stated it is a flower vase, it is impractical to answer h =
1.22 inches, therefore, the answer is h = 34.86 inches.
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20.In a regular hexagonal prism, the ratio of an edge of the base to the height of
the prism is 1:5. Find the volume of the prism if the lateral area is 270 cm?.

Solution:
1

S J— —_—
H = g — h = 5s
A = 6sh = 6s(5s)
A = 30s2
270 = 30s?
s2=9
s=3cm
Therefore,
V = BH
2
V=6-" f(SS)
2
v=6 B 5@

4
V = 350.74 cm?

21.Find the area of the triangular section of the rectangular solid shown in the
figure. (See figure)
Solution:

Using Heron’s Formula:
Using multi-lining equation in your calculator:

A= \/s(s —a)(s—b)(s—0)
Go to MODE 1 and type:

X = w-\/X(X—A)(X— B)(X — C)

> :
Then press CALC:

V42 + 82
V42 +122
V82 + 122

X =18.00779383
. 56 in?

A
B
C

Then press =
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22.Find the edge of a cube if its surface area is numerically equal to its volume.

Solution:
TSA = 6s?
V=s3
Since the surface area and volume are numerically equal:
6s? =s3
~ § = 6 units

23.The base of a rectangular solid is 4 ft. long and 3 ft. wide. Find the volume of
the solid if its diagonal is V41 ft.
Solution:
d* = 3%+ 4% + h?
(VA1) = 3% + 42 4 h?
h =4’
Therefore,
V =lwh
V=0®0B)#)
V =48 ft3

24.The size of a brickis 25 cm x 12 cm x 55 cm and its density is 1.8 x 103 kg/m3.
How many trips must a 3-ton dumper carry out to transport 15,000 bricks
to a construction site? (Hint: 1 metric ton is equivalent to 1,000 kg.)
Solution:

1.8x10%kg

Wbrick = 297kg
=~ 15000 bricks = 445500 kg
Divide it by 3 tons = 3000 kg to get how many trips are required.

Therefore,

ber of trips = —F2200K8 o o v 149 tri
number of trips = 3000kg/tmip — 8 say rips

25.A cylindrical tank of height equal to twice the diameter of its base can hold
10 liters (1 L = 1,000 cm3) of water. Another cylindrical container with the
same capacity has its height equal to three times the diameter of its base.
Find the ratio of the amount of aluminum required for making the two
containers, including covers.

Solution:
For container 1:

2D; = h;
Since it can hold 10 L = 10000 cm3:

T
10000 = 2 (D,)?(2D,)
~ D; =1853 cm

142 MEGAREVIEW AND TUTOR\}AL CENTER

isit For more Pdf's Books
Pdfbooksforum.com



Visit For more Pdf's Books
Pdfbooksforum.com

CIVIL ENGINEERING MATHEMATICS BOARD EXAMINATION REVIEW BOOK

For container 2:

3D, =h,
Since it can also hold 10 L = 10000 cm3:
V, = mR,%h,
T 2
V2 = ZDZ hz
T 2
10000 = Z(DZ) (3D,)
D, =16.19 cm

For the total surface area of container 1:

T2
TSAl = 2 - ZD]‘ + T[Dlhl
T 2
TSA1 == EDl + T[Dlhl

T
TSA; = 5(18.53)2 + m(18.53)(2-18.53)
TSA; = 2697.80 cm?

For the total surface area of container 2:

T2
TSAZ = 2 - ZDZ + T[Dzhz
T 2
TSAZ = EDZ + T[Dzhz

T
TSA, =5 (16.19)* + m(16.19)(3 - 16.19)
TSA, = 2882.33 cm?

Therefore,
TSA, 2697.80

TSA, 2882.33
TSA,

TSA,

=0.935

26.A closed cylindrical tank measures 12 ft long and 5 ft in diameter. It has to
contain water with a depth of 3 feet when the tank is lying in horizontal
position. Find the height of water when the tank is in its vertical position.
Solution:

Referring to the figure:

.////) o ™
/ .. \\
L“‘"“‘*xk A ”"’E'\ ow5
] B
.’HJ
b 3.0
25
“ /’
~ / !
o _ 05
COSUO = 25
0 = 78.46°
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Therefore,

Ao = Acircle — Asegment
A, = Acircle — (Asector — An)

A, = m(2.5)% — E (2.5)? (%) _ %(2.5) Sin(2x78.46°)
A, = 12.30 ft?
Therefore,
V=A,h
V =(12.30)(12)
V =147.61ft3
When held in vertical position:
V = nr?h
147.61 = (2.5)%h
h=7.52ft

27.A regular pentagonal pyramid has an altitude of 20 cm and a slant height
which measures 25 cm. Find the volume of the pyramid.

Solution:
722
S
Referring to the figure:
By Pythagorean Theorem:
x? + 202 = 252
x =15cm

From the base of the pyramid:
Using cosine law:
s? = x? +x% — 2x%cos 72°
s? = 152 + 152 — 2(15)? cos 72°
s =17.63 cm
Therefore,

<
I

o]
aw

| 4 n
[5(17.63)% 180°

2 cot( c >] (20)
V = 3566.46 cm3

n_sz cot <1800 )] (H)

<
Il
W= Wl Wl
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28.Find the volume of the pyramid bounded by the plane defined by 2x + 3y +
z = 6 and the coordinate planes.
Solution:

Rewrite the equation into the form:
2x+3y+z=6 +6
y

A |
3 2 6

Therefore,

y — intercept = 2

{X — intercept = 3
Z — intercept = 6

Referring to the figure,

V—lBH
3

v=:[;0@|®

V = 6 cubic units

29.Arightcircular cone is inscribed in a cube having a diagonal which measures
10+/3cm. Find the volume of the cone.
Solution:
Referring to the figure:

,,,,,

d? = 3s?
2
(10V3)" = 3s?
s=10cm
Therefore,
1
Veone = EBH
1
Veone = ET[RZH
1 2
Veone = § [T[(S) ](10)
250

— 3
Veone = TT[ cm
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30.Two similar cones have Volumesanin3and 12min3, and the slant height of

the bigger cone is 7.5 in. Find the integer solution to the slant height of the
smaller cone.

Solution:

By ratio and proportion:

3
Vbig _ ( lbig >
Vsmall 1small

81 X
2 ( 7.5 )
127 lsmall

lsmall =5in

31.A steel cylinder has a 4-inch diameter base and a height of 6 inches. A hole
in the form of a right circular cone with its base coincident with the base of
the cylinder and axis coincident with the axis of the cylinder is filled with
lead. The diameter of the base of the cone is 2 inches and its height is 1 inch.
If the steel weighs 490 Ib/ft3 and the lead weighs 710 Ib/ft3, find the total
weight of the composite solid.

Solution:
Referring to the figure:

b ( ft )3 245 Ib

490— - (1
Ysteel = 49055 (1550 ) = geaine

100 (4 _ft )3_355 Ib
Viead @ \"12in/ ~ 864in?

Therefore,
Wiotal = Wateel T Wiead

Wiotal = VsteelYsteel T VieadYiead
Wtotal = [(chlinder - cone)Ysteel] + VconeYIead

Weon = [1(2)2(6) 32D (522) + 5m (020 (o
Wyoa = 21.51 Ibs

355)

864 864

32.The volume of a frustum of a right circular cone is 52 ft3. Its altitude is 3 ft
and the measure of its lower radius is three times the measure of its upper
radius. Find the lateral area of the frustum.
Solution:

Referring to the figure:
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V = 52m ft3
R, = 3R,

h
V= § (Alower + Aupper + \/AlowerXAupper>

3
5121 = 2 [1(Ry)? + n(R,)? + (R w(R,)?|

5121 = [m(3R,)? + T(R,)? + {(3R,)? - m(R,)?|
512m = 13mR,*

16vV26
R, = = 6.28 ft
27 13
4826
By Pythagorean Theorem:

(R, —R,)2+3%2 =52
s? = (18.83 — 6.28)? + 32
s=12.90ft
Therefore,

1
LSA = E(Pl + Pz)s

1
LSA = - [2m(6.28) + 2m(18.83)] (12.90)
LSA = 1017.72 ft?

33.The base edges of a frustum of a regular pentagonal pyramid are 4 in and 8
in, and its altitude is 10 in. Find the volume of the frustum.
Solution:

Referring to the figure:

ns,? 180° 5(8)2 180° -
Ajower = —cot( ) =2 cot( z ) =110.11in

ns, 2 180° 5(4)2 180° _2
Aypper = Tcot( = ) = cot( z ) = 27.531in

H
V= § (Alower + Aupper + \/AlowerXAupper)

10
V=[27.53 + 11011 +V27.53x110.11]

V = 642.31 in?
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34.The volume of a truncated right triangular prism if 72 ft3. The lengths of the
two perpendicular edges of the base are 3 ft and 4 ft, and two of the lateral
edges measure 14 ft and 12 ft. Find the measure of the third lateral edge.

Solution:
Referring to the figure:
V =BH
12+ 14 +h
72 = [ B@| |
h=10ft

35.In a truncated right circular cylinder, the top plane makes an angle of 60°
with the horizontal, and the shortest and longest elements are 4 and 10
units, respectively. Find the volume of the solid.
Solution:

Referring to the figure:
h; =4;h, =10;6 = 60°

tan 0 = h, — Iy
., 10-4
tan 60° = D
, 6
tan 60 =5
= 2+/3units
Therefore, we have:
V =BH
niD? /h; + h,
T4 ( 2 )
n(2v3)” /4 + 10
T4 ( 2 )

V = 217 cubic units

36.Suppose two cylindrical tubes with the same diameter intersect at right
angles. If the diameter of each tube is 6 cm, find the volume of the common
part between the tubes.
Solution:
Referring to the figure:
By Prismatoid Formula:

L
V=clAr+ 44, + 4,

6
V= g[0+4(6)2 + 0]
V = 144 cm?
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37.The plane of a small circle in a sphere of diameter 18 inches is 6 inches from
the center of the sphere. Find the area of the small circle.
Solution:

Referring to the figure:

By Pythagorean Theorem:
r? + 62 = 92
r? = 45 in?
Therefore,
A = mr?
A = 1t(45)
A = 457 in?

38.A plane is tangent to a sphere at point A. A point B on this plane is 10 cm
from the surface of the sphere and is 16 cm from point A. Find the surface
area of the sphere.

Solution:

Referring to the figure: p A P
By Pythagorean Theorem: / e W
: //10 \

r’ +16% = (10 +r)?
Solving for r, we have: |
r =7.8cm

Therefore, from the formula of surface area of e of
the sphere, we have: I

S = 4mr?

S = 41(7.8)?

S = 764.54 cm?

39.The base of a spherical pyramid is a bi-rectangular triangle whose third
angle is 23°. If the diameter of the sphere is 90 cm, find the volume of the

spherical pyramid.
Solution:
Note: A bi-rectangular triangle has two of its angles equal to 90° each.
mir3E
V=510

E=(A+B+(C)—180°
E = (90° + 90° + 23°) — 180°
E =23°
_ m(45)%(23)
540
V=12193 cm3
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SPACE ANALYTIC GEOMETRY

1.

Find the distance between the points A (1,9, -6) and B (1, 8, -7).
A.1.313 C.1.732
b.1.414 D.1.778

Find the angle between the lines AB and CD. A (-3, 2,4),B (2,5, —2) and C
(1,-2,2),D (4, 2,3).

A. 62.44° C.65.43°

B. 58.55° D. 60.51°

Find the Direction Cosine of the line that is perpendicular to each of the
two lines whose directionsare(3 0 1)and{(2 -1 2).

A.{0.196 0.784 —0.858) C.(0.196 —0.784 —0.588)
B.(0.169 —0.784 0.585) D.(0.169 —0.784 —0.588)

Determine the value of k and q so that ABC are collinear A(1, 0, —2),
B(3,—1,1) and C(k, —3, q) are collinear.

A.-7,0 C.0,5

B.7,7 D.5,7

Find the coordinates of the foot of the perpendicular from A (1, 1, 1) on the
line joining B (1, 4, 6) and C (5, 4, 4).

A. (5,12,13) C.(3,-4,5)

B.(3,4,5) D.(4,3,5)

Find the coordinates of the foot of the perpendicular drawn from the point
(3,4,5) to the x-axis.

A.(3,0,0) C.(3,-4,0)

B.(3,0,5) D.(3,4,0)

Find the coordinates of the point where the segment joining the points (2, -
2,1) and (5,1, -2) crosses the xy-plane.

A.(3,1,0) C.(3,-1,0)

B.(-3,1,0) D.(-3,-1,0)

Find the points that trisect the segment joining the points (3, -1,5) and
(0,5, -4).

A (2,-1,3),(1,3,2) C.(-2,1,2),(-3,1,1)
B.(2,1,2),(1,3,-1) D.(1,3,1),(2,1,2)

Find the equation of the plane through P (4, 3, 6) and perpendicular to the
line joining P (4, 3, 6) to the point Q (2, 3, 1).

A.2x+5z2-38=0 C.5x-2z+45=0
B.5x+2z-12=0 D.3x+5z-20=0

10.Find the equation of the plane through the point P (1, 2, —1) and parallel to

the plane 2x — 3y + 4z + 6 =0.
A 2x-3y+4z+8=0 C.7x-6y+4z=0
B.3x+y-8z+6=0 D.5x+5y+2z+15=0
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11.Find the equation of the plane that contains the three points P (1, —2, 4), Q
(4,1,7),R(-1,5,1).

A 2x+5y+62+12=0

C.10x-2y-9z-24=0
B.10x-y-9z+4+24=0

D.2x+ 5y + 6z-12=0

12.Find the perpendicular distance between the point (-2, 8, —3) and plane
9x—y—4z+1=0.
A.1.313
B.1.414

C.1.732
D.1.778

13.Find the perpendicular distance between the two planes x — 2y + 2z = 6,
3x —6y + 6z = 2.
A.2.828
B.1.414

C.1.732
D.1.778

14.Find the equation of the line through the following points (1, 3, -2), (2, 2,
0), in symmetric form.
AL _y-3 _ zt2
" 1 -

-1 y—3 Z+2
= C—=2—====
1 2 1 -1 2
x—1 -3 Z+2 x—1 -3 7Z—2
BX-=2=25 D.==1="=
1 3 2 1 1 -2

15.Find the equation of the line through the following points (1, 3, -2), (2, 2,
0), in parametric form.
Ax=t+1ly=—-t+3,z=2t—-2

Cx=t—-1ly=t+3,z=2t+2
B.x=—-t+1ly=2t—-3,z=t+2

Dx=t+1ly=t—-3,z=2t—-1

16.Find the point on the line x = y = z, that is equidistant from the points (3,
0,5)and (1,-1, 4).

A.(0,0,0)

C.(1,1,1)
B.(-2,-2,-2)

D.(2,2,2)

17.Find the area of the triangle whose sides have the equations
X y zx y z x y+5 z+16

374752717

1 -2’2 "3 7
A.251.95 C. 242 44
B.305.51 D.320.71

18.Find the equation of a line formed if Vector A = (1 2 3)is made to pass
at point (2,9,8).

19.Find the center and radius of the sphere whose equation is x? + y? + z? =
6x + 8z.

A.(-3,0,-4);r=5

C.(-3,0,-4);r=25
B.(3,0,4);r=5

D.(3,0,4);r =25

20.Find the equation of the sphere tangent to the plane 6x + 6y + 7z = 22,
and has its center at origin and point of tangency.
Ax?+y?+z2=1 C.x>+y?+z2=4
B.x2+y?4+2z2=9 D.x*> +y?+2z2 =16
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SPACE ANALYTIC GEOMETRY SOLUTIONS
1. Find the distance between the points A (1,9, -6) and B (1,8, -7).
Solution:
Distance from A to B:
Using the distance formula:

d= \/(Xz —x1)2+ (y2 —y1)? + (2, — 24)?

d= J(1 124+ (8-92+ (-7 - (-6))°
d=v2~1.414

Or using the fact that the length of AB is the absolute value of vector
AB,therefore d = |AB|:
AB = Head — Tail
B(1,8,-7) AB = (1,8,-7) — (1,9, -6)
AB=(0 -1 —1)- Storeto VctA
d = |AB| = abs(VctA) = 1.414

A(1,9, -6)

2. Find the angle between the lines AB and CD. A (=3, 2,4),B (2,5, —2) and C

(1,-2,2),D (4, 2,3).
Solution:
The angle between lines AB and CD is also the same angle between the
vector created by line AB and line CD.
Determining the vector created by vectors AB and
CD: V‘%

AB = (2,5,-2) — (-3,2,4) 5

AB=(5 3 —6) ;

CD = (4,2,3) — (1,-2,2) BC

Ch=(3 4 1)
Using the definition for the dot product:

AB - CD = |AB||CD]| cos 8
(5 3 -6):(3 4 1)=[(5 3 —-6)I[(3 4 1)|cosb
21 =8.366-5.099 - cos 6
0 = 60.51°

3. Find the Direction Cosine of the line that is perpendicular to each of the
two lines whose directionsare (3 0 1)and{(2 -1 2).
Solution:

Let:
A=(3 0 1)
B={(2 -1 2)
Since by definition, the cross product of A and B (AxB) is a vector
perpendicular to A and B.
Hence,
(3 0 1)x(2 -1 2)=(1 -4 -=-3)
And then by definition of direction cosine,
(1 -4 -=-3)

DC = =(0.196 —0.784 —0.588)
K1 -4 -3)|
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4. Determine the value of k and q so that ABC are collinear A(1, 0, —2),
B(3,—1,1) and C(k,—3, q) are collinear.
Solution:
For the points ABC to be collinear, point C must be a point in the line
defined by points AB;
The equation of a line is space has a property,
X=X Y—=VW1 77
X2=X1 Y2—=V1 722774
Therefore, solving for the equation of a line that defines AB:
A(1,0,—-2),B(3,-1,1)
x—1 y—-0 z—(-2)
3-1 —-1-0 1-(=2)
x—1 vy z+2
2 -1
Since point C, is a point on line AB, C (k, -3, q)
k-1 -3 q+2
2 -1 3
k=7,q=7

— equaton of line AB

5. Find the coordinates of the foot of the perpendicular from A (1, 1, 1) on the
line joining B (1, 4, 6) and C (5, 4, 4).
Solution:
Let: Point D (a, b, ¢) is the foot of the perpendicular from A:

Solving for the equation of line BC: A(1,1,1)
B(1,4,6),C(5,4,4)

X=X ZY_Y1=Z_Z1 C(5,4,4)
X=Xy Y2o—=V1 Z—7
x—1 y—4 z—-6
5—1 4—4 4 6
X—1=y 4_2 6 B (1 46)
4 0 -2

Since point D is on line BC:
Hence substitute D (a, b, ) to the equation of line BC:
a—1 b—4 c—6
4 0 @ =2
Take note that the y-coordinate of B and C are equal, therefore, by
principle, all y-coordinate of any point on line BC is 4, hence b = 4.

So, we can only use

4 -2
—2a —4c = —26 - equation 1
Since BC and DA are perpendicular:
BC-DA=0

=(5,44) - (1,4,6)

=4 0 -2)
=(1,1,1) — (a,b,0)
={1—a 1-b 1-¢)

MEGAREVIEW AND TUTORIAL CENTER 153
Visit For more Pdf's Book

Pdfbooksforum.com



Visit For more Pdf's Books
Pdfbooksforum.com

CIVIL ENGINEERING MATHEMATICS BOARD EXAMINATION REVIEW BOOK

(4 0 -2)(1—a 1-b 1-¢)=0
4(1—-a)+0(1-b)+(-2)(1—-c)=0
4—4a+2c—2=0
—4a+ 2c = —2 — equation 2
Solving equations 1 and 2, simultaneously:

a=3,c=5
Therefore:
D(3,4,5)
6. Find the coordinates of the foot of the perpendicular drawn from the point
(3,4,5) to the x-axis.
Solution:
Let AB be any vector on x-axis so,welet(1 0 0) be the vector AB for
simplicity.
AB=(1 0 0)
And
AC = (3,4,5) — (x,0,0)
AC=(3—x 4 5)
Since AC and AB are perpendicular,
Hence,
AC-AB=0
(3—x 4 5)-(1 0 0)=0
B3—-x)(1)+4(0)+5(0)=0
3—x=0
X =3
~(3,0,0)
7. Find the coordinates of the point where the segment joining the points (2, -
2,1) and (5,1, -2) crosses the xy-plane.
Solution:
Let:A(2,-2,1),B(5,1,-2)
The point where line AB crosses the xy plane is a point on line AB such that
its z-coordinate is zero.
Let that point be C (a, b, 0).
Determining the equation of line AB:
X—X1 Y=V1  Z—7
X2=X1 Y2—=V1 Z27 7
A(2,-2,1),B(5,1,-2)
x—2 y—(-2) z—1
5-2 1—-(=2) -2-1
x—2 y+2 z-1
3 3 -3
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Since C is a point on AB; thus, substitute C (a, b, 0) to the equation of the
line:
a—2_b+2_0—1

3 3 -3
a—2_1 _3

3 327
b+2_1b_ .

3 3

Hence the point is (3, -1,0).

8. Find the points that trisect the segment joining the points (3, -1, 5) and (0,

5,-4).
Solution:
e\ e‘.\ Y pB
o™ — 1,8
" D 3
A
o - AB
A (3, .1, 5} %
1
D=A+-AB
3
2
E=A+ §AB

From point D:

1 1
a=X1 +§(X2_X1);a=3+§(0_3) =2

1 1
b=y, +§(Y2_Y1);b= —1+§(5—(_11)) =1

1 1
c=zl+§(zz—zl);c=5+§(—4—5) =2
Hence D (2, 1, 2).

From point E:

2 2
d=x1+§(x2—xl);d=3+§(0—3)= 1

2 2
€=y +§(Y2_Y1)ie=_1 +§(5_(_11)):3

2 2
f=12, +§(Z2 —z,);f= 5+§(—4—5) =-1
HenceE (1, 3,-1).
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9.

Find the equation of the plane through P (4, 3, 6) and perpendicular to the
line joining P (4, 3, 6) to the point Q (2, 3, 1).

Solution:

From the property of plane:

t@u B o

Ax+By+Cz+D=0

The vector defined by (A B C) is perpendicular to the plane PQ is a
vector perpendicular to plane; hence, (2 0 —5) is the coefficient of the
plane:
—2x+0y—5z+D=0
—2x—5z24+D=0
But since P is on the plane, thus substitute P (4, 3, 6):
—2(4)—-5(6)+D=0
D =38
2x+52—-38=0

10.Find the equation of the plane through the point P (1, 2, —1) and parallel to

the plane 2x — 3y + 4z + 6 =0.
Solution:
For the equation of plane to be parallel, the coefficients must be equal this,
for any two plane:
Ax+By+Cz+D; =0
Ax+By+Cz+D, =0
Plane 1: 2x -3y +4z+6 =0
Plane 2: 2x — 3y +4z+D =0

Substitute (1, 2, -1) to the equation to obtain the value of D:
2(1)-3(2)+4(-1)+D=0
D=8
2x—3y+4z+8=0

11.Find the equation of the plane that contains the three points P (1, —2, 4), Q

(4,1,7),R(-1,51).
Solution:
The general equation of a plane is:
Ax+By+Cz+D=0
Dividing the equation by D:
A B C

— — —7=1
Dx+Dy+Dz

Take note that the variables A, B, C, and D could be any variable.
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Substituting points P, Q, and R to the equation:
S+ +T@) =1
D D D"

A4 Bl C7—1
B()+B()+B()_

A 1 BS Cl—l
5(— )+5()+B()_

Solving for the value of unknowns, simultaneously:
5

I
S|
N

Ologlwg| >
Ol Wi
AN

Substitute:
5

3
- _ —7z=1
12Xt 24V T g2

10x—y—9z = -24

12.Find the perpendicular distance between the point (—2, 8, —3) and plane
9x—y—-4z+1=0.
Solution:
The distance d from plane Ax + By + Cz + D = 0 to the point (x4,y1,%;)
_ Axy +By; +Cz; +D
VAT +BZ+ (2
Where the sign of the radical is taken opposite to that of D
The numerical value of the result is the distance of point to plane, if the
sign is negative it signifies that the given point and the origin are on the
same side of the plane, and if positive means the point is not on the same
side as the origin.

The distance between a plane Ax + By + Cz + D = 0 and a point (x4, y;,21):

_ Axy +By; +Cz; +D

+VA? 4+ B2 + (2
g 2D+ EDE+EHEI +

=97+ (D)% + (-4)?

~ 1.313

13.Find the perpendicular distance between the two planes x — 2y + 2z = 6,

3x —by + 6z = 2.
Solution:
Distance between two parallel plane:
| Di—Dy
VAZ + B2 + (2

Plane 1: x— 2y +2z—6 =0
Plane2:3x—6y+6z—2=0—>x—2y+22—§=0

()

B V12 + (—=2)% + 22

_16 1.778
=5 ~1
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14.Find the equation of the line through the following points (1,3, -2), (2,2,0),
in symmetric form.
Solution:
The equation of a line in symmetric form is:
X=X Y=V Z—7
X2=X1 Y2—="V1 Z277
P,(1,3,—-2),P,(2,2,0)
x—1 y—3 z-(-2)
2—-1 2-3 0-(-2)
x—1 y—3 z+2
1 -1 2

15.Find the equation of the line through the following points (1,3, -2), (2,2,0),
in parametric form.

Solution:
To transform the equation in parametric form:
Let:
t_X—1_y—3_Z+2
1 -1 2
x—1 )
= t| x=t+1
1
y—3 :
— = t| y = —t + 3 ; — parametric form
z+2 _
> = t| Z=2t— ZJ

16.Find the point on the line x = y = z, that is equidistant from the points (3,
0,5)and (1,-1, 4).

Solution:
Let P(a, b, c) be a point equidistant from point A(3,0,5) and B(1, —1, 4).
dpa = dpp
Sincex = y = z hence,a = b= c:
Thus,
a=b>b
a=c

2 2
(V@=32+b-02+(c-52) =(Ja@a- 102+ b+ 1%+ (c—4?)
@a—3)2+Mb-02%+(c—=5%?=@—-1)?2+(b+ 1?2+ (c—4)>

Substitutinga = b,a = c:
(@a—3)2+a*+(@-5?%=@—-1)?+(@+1)?*+ (a—4)?
a?—6a+9+a%+a%—10a+ 25
=a’—2a+1+a*+2a+a+a*—-8a+16
—16a+ 34 =—-8a+ 18
a=2
Hence: P(2,2,2).
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17.Find the area of the triangle whose sides have the equations
Xyzxyzxy+52+16

3 4 5’2 1 -2’2 3 7
Solution:
Let:
X y z
Lii—=2=—
'37 47 5
X y v/
Ly—=>=—
2271 =2
L X y+5 z+16
327 3 7

Intersection of L; and L,:

X y y yA
L:—:—:—L = —_ = —
'37 4 5’2 1 -2
Equating:
Y L ax—3y=0
— _ﬁ —
34 ATV
X
E=§—>x—2y=()
Hence,
x=0y=0

Thus, the intersection of L; and L,is (0, 0, 0).

Intersection of L; and L;:

. .x_y_z_L X y+5 z+16
'374 582 3 7
Equating:
Y 4 3 0
—_ = — —_ —
34 KT E
X y_+5 3 2 10
e - —_ =
2”73 x—ay
Hence,

x =30,y =40

To solve for z use any equation, say L;:

X y_z
3 4 5
30 40 z
3 4 5

zZ =50

Thus, the intersection of L; and Lsis (30,40, 50).
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Intersection of L, and Lj:

L.x_y_ _L_X_y+5_z+16
271 =227 3 7
Equating:
2y 2y = 0
—_— — =
21 %Y
X Yt e ay=10
—_— = —_ ]
2~ 3 xTay
Hence,
x—,y—2

X_y_ Z

2 1 =2
5 5/2 z
2 1 =2
7z =-5

Thus, the intersection of L; and Lsis (5,%, —5).

The points of intersection of lines:

5
A(0,0,0),B(30,40,50),C (5, > —5)

B (5, 5/2, -5)
1
Ar = > |ABXAC|
C (30, 40, 50) L
AB = (30,40,50) — (0,0, 0)
AB=(30 40 50)
A(0, 0, 0) — 5
AC = (5,5,—5) —(0,0,0)
_ 5
AC = e
(5 > 5)
1 5
Ay =3 (30 40 50)%x(5 > —5)‘
Ar = 251.95

18.Find the equation of a line formed if Vector A = (1 2 3) is made to pass
at point (2,9,8).
Solution:
By inspection: & 2
x—2 y—-9 z-8
1 2 3

N %y, 2)

(2,9,8)
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19.Find the center and radius of the sphere whose equation is x* + y? + z% =
6x + 8z.
Solution:

The center-radius form of sphere with center (h, k, t) and radius r is:
x—h)?+FH-k?+(Zz—-t)?=r?

By completing the square:
X2 —6x+y*+22—-8z2=0
x> —6x+9+y*+2°—-82+16=9+16
(x—3)2+y*+(z—4)? =52

~C(3,0,4);r=>5

20.Find the equation of the sphere tangent to the plane 6x + 6y + 7z = 22,
and has its center at origin and point of tangency.
Solution:

r = distance of the plane to origin

d_AX1+By1+Czl+D

+VA? + B2 + C2
16O +6O+7(0)-22

+V62 + 62 + 72

~xt+yt+zt =4
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VECTORS
Situation: Determine the absolute value of the following vectors:
1. A=2i+3j
A.3.606 C.5.342
B. 6.403 D. 7.348

2. B=2i+6j+k
A.3.606 C.5.342
B. 6.403 D.7.348

3.C=(2 7 1)

A. 3.606 C.5.342
B. 6.403 D.7.348

Situation: LetA=(2 -3 6),B=(1 8 4), determine:

4. A+B
A(=3 5 10) C.(3 -5 10)
B.(3 5 10) D.(3 5 —10)

5. |A+ B
A.11.576 C.12.511
B.13.451 D. 10.144

6. The x-component of resultant of A and B:
A3 C.2
B.5 D.10

7. The y-component of resultant of A and B:
A3 C.2
B.5 D. 10

8. The z-component of resultant of A and B:

A3 C.2
B.5 D.10
9. A-B
A3 C.2
B.5 D.10
10.AXB
A.{(60 -2 19) C.{(—-60 2 19)
B.(—60 -2 -19) D.(—60 -2 19)
11.|AXB]|
A. 62.968 C.65.415
B. 60.516 D. 67.348

162 MEGAREVIEW AND TUTOR\}AL CENTER

isit For more Pdf's Books
Pdfbooksforum.com



Visit For more Pdf's Books
Pdfbooksforum.com

CIVIL ENGINEERING MATHEMATICS BOARD EXAMINATION REVIEW BOOK

12.The unit vector of A:
A.(0.286 —0.429 0.857) C.{(0.111 0.556 0.889)
B.{(0.111 0.889 0.444) D.(0.012 0.123 0.666)

13.The unit vector of B:
A.(0.286 —0.429 0.857) C.{(0.111 0.556 0.889)
B.{(0.111 0.889 0.444) D.(0.012 0.123 0.666)

14.The direction cosine of A:
A.(0.111 0.556 0.889) C.(0.286 —0.429 0.857)
B.{(0.012 0.123 0.666) D.(0.111 0.889 0.444)

15.The direction cosine of B:
A.(0.111 0.556 0.889) C.(0.286 —0.429 0.857)
B.{(0.012 0.123 0.666) D.(0.111 0.889 0.444)

Situation: LetA=(1 2 1),B=(2 0 -1),andC=(0 -1 2), evaluate:

16.(AXB) - C

A.-11 C.12

B.11 D.-12
17.Ax(BxC)

A0 1 -2) C.{(-22 0 11)

B.(4 -6 8) D.(2 4 2)
18.(AXB)xC

A 1 -=-2) C.(—22 0 11)

B.(4 -6 8) D.(2 4 2)

19.(AxB)x(BxC)
A0 1 -=-2) C.(—22 0 11)
B.(4 -6 8) D.(2 4 2)

20.(B- C)x(AXB)

A 1 -2) C.{(=22 0 11)

B.(4 -6 8) D.(2 4 2)
21.A%

A3 C.4

B.5 D.6
22.B?

A3 C.4

B.5 D.6

23.Which of the following is equal to % (JA+ B|? — |A = B|?)?

A A-B C.AXB
B.4A-B D.4AXB
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24LetA=(2 -3 6)andB=(1 8

—4). Determine the angle between
vector A and B.

A.136.90° C.0°
B. 43.10° D. 150°
25.Find a unit vector parallel to the sum of the vectors A = (2 4 —5)and
B=(1 2 3).
A.{(0.429 0.857 -—-0.286) C.(0.429 0.857 0.286)
B.(0.429 -0.857 0.286) D.(-0.429 -0.857 0.286)
26.Find the value of msuchthat A=(m -2 1)andB=(2m m —4)are
perpendicular.
A1l C.2
B.3 D. 4

27.Find a unit vector parallel to xy-plane and perpendicular to the vector

(4 -3 -1).
4 3 4 3
A 0 ) CG oz 0
4 3 4 3
B -3 0) D.C 0 —3)

28.Find the area of the parallelogram if two sides are represented by vector
(1 =2 4)and(5 7 9).
A.90.255 C.342

B. 143 D.13.748

29.Find the volume of the parallelepiped if the sides are represented by

vectors(—1 2 8),(3 —4 7)and(9 -2 5).
A.50.259 C.342

B. 143 D. 13.748

30.Find the area of the triangle with vertices (3, 5, 2), (1, -1, 6), and (-2, 1, 4).
A.50.259 C.342
B. 143 D.13.748

31.Find a unit vector perpendicular to both vectors (2 1 —1)and

(3 4 -1).

3 1 5 3 1 5
AME ~ & B C-7 & =
B(i 1 i) D(—i __r _i>
"\35 /35 /35 "V V35 V35 V35

32.Find the value of m that makes the vectors A = (1 1

(2 -1 1)andC={(m -1 m) coplanar.
A1l C.2

B.3 D.7

_1)) B =

33.A force F of 4000 kN is passing from A (1, 2, 7) to B (-2, 3, 5). Find the
components of the force.
A.(0.802 —0.267 0.535) C.(—3207.13 1069.045

—2138.090)
B.(0.802 0.267 0.535) D.(3207.13

—1069.045 2138.090)
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Situation: A concurrent force system in space is composed of 3 forces described as
follows. A = 100 kN acts through point (2, 6, 8) and (1, 4, 2). B=330 kN and acts
through the point (2, 6, 8) and (4, 1, -2). C = 85 kN and acts trough the point
(2,6,8) and (2, -3, 3).

34.What is the x-component of the resultant force (kN)?
A.-425.533 C.42.492
B.-250.813 D.495.773

35.What is the y-component of the resultant force (kN)?
A.-425.533 C.42.492
B.-250.813 D.495.773

36.What is the z-component of the resultant force (kN)?
A.-425.533 C.42.492
B.-250.813 D.495.773

37.What is the resultant force (kN)?
A.-425.533 C.42.492
B.-250.813 D.495.773
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VECTORS SOLUTIONS
Situation: Determine the absolute value of the following vectors:

1. A=2i+3j
Solution:
|A| = /22 4+ 32 =13 =~ 3.606
Or using calculator:
Mode - 8 (Vector):
Select any vector, say 1: VctA, so press 1 to select VctA, since the vector has
two dimensions, press 2:

And then input:
2 3]
And then press AC.
Then press:
Shift — hyp — Shift — 5 — 3-)
Abs(VctA) = 3.606

2. B=2i+6j+k
Solution:
Store(2 6 1)toVctBand then press Abs(VctB) = 6.403

3.C=(2 7 1)
Solution:
Store (2 7 1)toVctC and then press Abs(VctC) = 7.348

Situation: LetA=(2 -3 6),B=(1 8 4), determine:

4. A+B
Solution:
When adding vectors, add its corresponding components:
A+B=A={(2 -3 6)+(1 8 4)=(3 5 10)

5. |A+ B]
Solution:

IA+B|=|(3 5 10) =+/32+52+ 102 =v134 ~ 11.576

6. The x-component of resultant of A and B:
Solution:
The components of a vector are expressed in the form (X Yy Z)
Hence, the x-component of the resultant of A and B is 3.

7. The y-component of resultant of A and B:
Solution:
The components of a vector are expressed in the form (X Yy Z)
Hence, the y-component of the resultant of A and B is 5.
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8. The z-component of resultant of A and B:
Solution:
The components of a vector are expressed in the form (X 'y Z)
Hence, the z-component of the resultant of A and B is 10.

9. A-B
Solution:
IfA=(X1 Y1 Zi)andB=(X2 Y2 Z3),then,
A-B=x%+y1¥2 + 212,
Therefore,
A-B=(2 -3 6)-(1 8 4)
A-B=2(1)+(-3)(8)+6(4) =2
Another solution:
Using your calculator, press:
Shift — 5 — 3 — Shift — 5 — 7 — Shift - 5 — 4
VctA - VctB = 2
Take note that dot product is commutative, thus,
VctA - VctB = VctB - VctA

10.A%XB

Solution:
A=Ai+A,j+ Az;k;B=B;i+B,j+ B3k
AXB = (A1B3 — A3B,)i+ (A3B; — A1B3)j + (AB; — A;B )k
Or in determinant:

i j k
Ay Ay Az
B; By Bs

AXB =

Therefore,
AxB = [(=3)(4) — (6)(B)]i + [(6)(1) — 2)D]j + [(2)(8) — (=3)(D]k
AXB = —60i — 2j + 19k
Another solution:
Using your calculator, press:
Shift — 5 — 3 —x—=Shift—5—4
VctAxVctB = (—60 -2 19)

11.|AXB|
Solution:

|AXB| = /(—60)2 + (—2)% + 192 = 62.968

Another solution:

Using your calculator, press:

Shift — hyp — Shift — 5 — 3 —x—Shift— 5 — 4
Abs(VctAxVctB) = 62.968
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12.The unit vector of A:
Solution:
Unit vector (1) of vector (V) is a vector whose orientation is the same as
vector (V) and whose magnitude is 1.

Hence,
3 = \%
V]
Ay = A = 1 A
AT 1Al 1A
|A| =7

}\A=;(2 -3 6)=(%/; =3/, ©/.)=(0.286 —0.429 0.857)

Another solution:
Using your calculator, press:
Shift — 5 — 3 —= —Shift — hyp — Shift — 5 — 3
VctA + Abs(VctA) =(0.286 —-0.429 0.857)

13.The unit vector of B:
Solution:

os]
[EN

}\B=_=_'B

|B] =9
1
Ap=g(1 8 4)=(1/g -8y *)=(0.111 0.889 0.444)

Another solution:
Using your calculator, press:
Shift — 5 — 4 —= —Shift — hyp — Shift — 5 — 4
VctB + Abs(VctB) = (0.111 0.889 0.444)

14.The direction cosine of A:
Solution:
The direction cosine of a vector, V = (cos 8, cos8;, cos0,)is equal to
the unit vector of V,A = (Ax Ay A;)
Hence,
(cosBy cosB, cosB,)= (A, Ay A,)
Therefore, the direction cosine of vector A is simply
(0.286 —0.429 0.857).

15.The direction cosine of B:
Solution:
The direction cosine of vector A is simply (0.111 0.889 0.444).
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Situation: LetA=(1 2 1),B=(2 0 -1),andC=(0 -1 2), evaluate:

16.(AXB) - C
Solution:
First, store the given vectors to Vectors A, B, and C, respectively.
Then type:
(=Shift — 5 — 3 —x—Shift — 5 — 4 —) — Shift — 5 — 7 — Shift -5 -5
(VctAxVctB) - VetC = —11

17.Ax(BxC)
Solution:
Take note: Cross product is non-commutative. Therefore, you must follow
the proper order of the vectors.
Shift — 5 — 3 —x—(=Shift = 5 — 4 —x—Shift — 5 — 5-)
VctAx(VetBxVcetC) =(0 1 —2)

18.(AxB)xC
Solution:
(—Shift — 5 — 3 —x—Shift - 5 — 4 —) —x—Shift —5—5
(VctAxVctB)xVetC=(2 4 2)

19.(AXB)x(BxC)
Solution:
(—Shift — 5 — 3 —x—Shift — 5 — 4 —) —xX—(—Shift — 5 — 4 —x—Shift — 5
—5-)
(VctAxVctB)x(VetBxVctC) = (=22 0 11)

20.(B - C)x (AXB)
Solution:
(—Shift — 5 — 4 — Shift— 5 — 7 — Shift — 5 — 5 —)
—x—(=Shift — 5 — 3 —x—Shift — 5 — 4 —)
(VctB - VetC)x(VctAxVcetB) = (4 —6 8)

21.A%
Solution:
Note:
The square of a vector is equal to the square of its absolute value. Hence,
A2 =A-A=|A?
Therefore:
A% = (Abs(VctA))’ = 6

22.B?
Solution:

B2 = (Abs(VctB))2 =5
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23.Which of the following is equal to i (JA + B|? — |A — B|?)?

Solution:

T+ B — 1A~ B?) = Z[(A+B)? — (A~ B’

ZUA+BI —|A—BP) = Z[(A+B) - (A+B) — (A~ B)- (A~ B)

%(|A+B|2—|A—B|2):%{[A-(A+B)+B-(A+B)]—[A-(A—B)—B-(A—B)]}

1
Z(IA+BP? — A= B[

1
=Z[(A-A+A-B+B-A+B-B)—(A-A—A-B—B-A+B-B)]

1 1
Z(|A+B|2—|A—B|2)=Z[4A-B] =A-B

24LetA=(2 -3 6)andB=(1 8 —4). Determine the angle between

vector A and B.
Solution:
From the definition of dot product:
A-B = |A||B|cos®
Therefore,
o A8
> 1Al

Store the given vectors into vectors A and B, respectively.

To get the angle between the vectors, just press:
cos™! ((VctAchtB) + (Abs(VctA) xAbs(VCtB))) = 136.90°

25.Find a unit vector parallel to the sum of the vectors A = (2 4 —5)and

B=(1 2 3).

Solution:

The unit vector parallel to the sum of A and B is a vector whose orientation
or direction in space is equal to A + B, and has a magnitude of 1 or simply,
that is the unit vector of A + B.

Solving for A + B:

Store the given vectors into vectors A and B, respectively.
Hence,
A+B
" |A+B|
_ VctA + VetB
~ Abs(VctA + VctB)
A = (VctA + VctB) + Abs(VctA + VctB)
A=1(0.429 0.857 —0.286)

A
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26.Find the value of msuchthat A=(m -2 1)andB=(2m m —4)are
perpendicular.
Solution:
From the definition of dot product:
A-B = |A||B|cosb

If6 =90°:
A - B = |A||B| cos90°
A-B=20
A=(m -2 1)
B=(2m m -—4)
(m -2 1):(2m m —-4)=0
m(2m) + (-2)(m) + (1)(-4) =0
2m? —-2m—4=0
m’—-m—-2=0
Hence,

m=2m-=-1

27.Find a unit vector parallel to xy-plane and perpendicular to the vector
(4 -3 -1).
Solution:
Let: A be the unit vector parallel to xy-plane, thus there is no z-component.

A=(x y O)Al=yx2+y2=1
Vx%? +y? =1 - equation 1

Store (4 —3 —1)to vector A.

A-A=0

xy 0)-(4 -3 -1)=0
4x—3y =0

3

X = Zy — equation 2

3 2
G v
4
9
72 2 _
25
—vi=1
167
_4' _3(4)_3
Y=5%X=45) "5
4 3
“A=(-= — 0
(5 5 )
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28.Find the area of the parallelogram if two sides are represented by vector
(1 -2 4)and(5 7 09).

|Al

Solution:
Area,A = |Alh
A = |A||B]| sin 6
From the definition of cross product:
|AXB| = |A||B| sin 6

Hence, the area of parallelogram is:
Area = |AXB|
Store the given vectors into vectors A and B, respectively.
To solve for the area:
Area = Abs(VctAXxVctB) = 50.259

29.Find the volume of the parallelepiped if the sides are represented by
vectors(—1 2 8),(3 —4 7)and(9 -2 5).
Solution:
The volume of parallelepiped is equal to the numerical value of

Any arrangement will do, if ABC is there.
Store the given vectors to vectors A, B, and C, respectively.
Hence,

V = (VctAXVctB) - VctC
V =342
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30.Find the area of the triangle with vertices (3, 5, 2), (1, -1, 6), and (-2, 1, 4).
Solution:

B(1,-1,6)
a
9 C(-2,1,4)
b
A(3,5,2)

To solve for the area of triangle, we can use:
1
Ap = > absin®©

Note: It can be any two adjacent sides and an included angle.

a = |AB|
b = |AC|

AB=(1,-16)—(352) =(-=2 —6 4)- VctA
AC=(-214)—(352) =(-5 —4 2)- VctB

1
Ar = |AB||AC] sin 8

1
Ar = 5 |ABXAC|

1
Ar = EAbs(VctAchtB)
Ar =13.748

31.Find a unit vector perpendicular to both vectors(2 1 —1)and
(3 4 -1).
Solution:
From the definition of cross product, the result of cross product is a vector
perpendicular to both vectors A and B.
Thus, if C = AXB:
A-C=0
B-C=0
VetA=(2 1 -1)
VetB=(3 4 -1)

Hence,
VctAxVctB=(3 —1 5)
VctAxVctB
AxB = Ty ctAxVetB|
o8 -1 5)
PET3 -1 5)

2 _(3 _1 5)
axe = { =% /35 V35
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VctBXVetA=(-3 1 -5)

P s I )
BAT (=3 1 -5)
3 1 5

‘o ="55 73 T VEE

32.Find the value of m that makes the vectorsA=(1 1 -1),B=
(2 -1 1)andC={(m -1 m)coplanar.
Solution:
Three vectors are said to be coplanar, if they all lie in the same plane (i.e.,
the vectors are on the plane
Hence, they will not form a parallelepiped, therefore, the volume is zero.
(AXxB)-C=0
StorevectorsA=(1 1 —1)andB=(2 —1 1)tovectorsA andB,
respectively.
1 1 -1)x(2 -1 1)-{m -1 m)=0
(0 -3 -3)'(m -1 m)=0
0(m) + (—=3)(=1) + (=3)(m) = 0
3—-3m=0
m=1

33.A force F of 4000 kN is passing from A (1, 2, 7) to B (-2, 3, 5). Find the

components of the force.
Solution:
Determine the vector created by AB:

AB = Head — Tail

AB =(-2,3,5)—(1,2,7)

AB=(-3 1 -2)

AB
Aag = TAB|
. (-3 1 -=2)
T3 1 -2)
Aag = (—0.8017 0.2673 —0.5345)

This vector defines the path of the force F.
To find the component of the force, multiply the force to the unit vector of
AB:

F =4000(-0.8017 0.2673 —0.5345)

F=(-3207.13 1069.045 -2138.090)

Situation: A concurrent force system in space is composed of 3 forces described as
follows. A = 100 kN acts through point (2, 6, 8) and (1, 4, 2). B=330 kN and acts
through the point (2, 6, 8) and (4, 1, -2). C = 85 kN and acts trough the point
(2,6,8) and (2, -3, 3).

34.What is the x-component of the resultant force (kN)?
35.What is the y-component of the resultant force (kN)?
36.What is the z-component of the resultant force (kN)?
37.What is the resultant force (kN)?
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Solution:

Let (2, 6, 8) be point O.

Determine the vectors created by forces A, B and C, respectively.
AO=(1-2 4-6 2-8)=(-1 -2 -6)
BO=(4-2 1-6 -2-8)=(2 -5 -10)
C0=(2-2 -3-6 3-8)=(0 -9 -5)

To get the x, y, and z components of the resultant force, multiply the forces

to its respective unit vectors:
= (-1 -2 -6) (2 -5 -10) (0 -9 -5)
F =100 + 330 + 85
(-1 -2 -6)l (2 =5 —10)| (0 -9 =5)|
F=(F F, F;)=(42.492 -250.813 —425.533)
To solve for the resultant of the force, get the absolute value of the vector

answer:

Abs(VctAns) = 495.773 kN
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DIFFERENTIAL CALCULUS
1. Evaluate lirrzl x% 4+ 3x+ 1.
X—

A 11
B.-11

2. Evaluate lim l.
xXx-0X

A. undefined
B.1

3. Evaluate 11m =

)(—)OX2
A.0
B. +o0
4. Evaluate lim= 81.
x-9 X—9

A. indeterminate
B.0

2x*

5. Evaluate lim

x—00 3x4+x3-x2-x—-1"

A. 40
B.2/3

1—cosx

6. Evaluate lim—;
x—0 X

A. no limit
B. indeterminate

Si“(ﬁ).
w)

N

7. Evaluate lim —
n—-oo Sll’l(

[N

A0
B.2

by o2 _
8. Evaluate o Y =X 5x.

A. 2x
B.2x-5

dy _
9. Evaluate V=

A3/,
B. - 3/X2

X

C. 12
D. 13

C.0
D. no limit

C.1
D.—

C. undefined
D.18

C.0
D. indeterminate

C.0
D.1/2

C. indeterminate
D. no limit

C.x-5

C.3
D.-3

10.If f(x) = 3x? — 2x + 1, find the value of x for which f’(x) = 0.

A.1/3
B.2/3

C.-1/3
D.1
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11.Find the rate of change of area of the circle with respect to its radius when
the radius is 3 feet.
A 6m C.3m
B.3/2™ D.3

12.Evaluate %, y = (x —1)(2x? + 3).

A 6x%> —4x—3 C.6x% +4x—3
B.6x% + 4x + 3 D.6x> —4x+3

dy 1 2
13.Evaluate Y= 2x2 + 3x3.

2 2
A.X+3—\/§ C\/§+3_\/§
1 2 1 2
PR PET R

_ (2=x)(2x+1)

dy
14.Evaluate oY ”

2 1
A.2— = C.—2+ =
2 2
B.—2 — = D.—-2+ =
15.Find ﬂ, y = M, atx=1.
dx X
A.3.5 C.-3.5
B.6 D.9

16.Find the area of the circle when the rate of change of the area with respect
to a diameter is 41 square feet per foot.

A. 8T
B. 41

17.Find the slope of the curve y = 8x — 3x? at pt. (2,4).

A 4
B.-4

18.At what point is 2 the slope of the curve y = 4x + x2?

A (-1,-3)
B. (-2, -4)

C.16m
D. 32m

C.2
D.-2

C.(2,12)
D. (0,0)

19.Find the equation of the tangentline y = x(2 — x)? at pt (1,1).
Ax+y+2=0 Cx-y-2=0
B.x-y+2=0 D.x+y-2=0

20.Find the angle of intersection between the curves
y=x’+1y=x+x"1
A. 64.44° C.45°
B.71.57° D. 18.43°
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21.At what point of the parabolay = x? — 3x — 5 is the tangent line parallel to
3x—y =37
A (3,5) C.(-3,-5)
B. (3,-5) D.(-3,5)

22.At what point of the curve y = x* is the normal line parallel to 2x +y = 3?
A (1/2,1/16) C.(1/3,1/81)
B.(2,16) D.(-1/2,1/16)

23.Find the point where the normal to y = x + v/x at (4,6) crosses the y-axis.
A.(0,4.2) C.(0,5.2)
B. (0,7.8) D. (0,9.2)

24.For the curve y = x? + x, at what point does the normal line at (0,0)
intersect the tangent line at (1,2).
A (1/4,1/4) C.(-1/4,-1/4)
B.(-1/4,1/4) D.(1/4,-1/4)

25.The tangent to y = x3 — 6x? + 8x at (3, -3) intersects the curve at another
point. Find this point.
A. (0,0) C.(-1/2, -45/8)
B. (1, 3) D. (-1, -15)

26.Find the point of inflection of the curvey = 5 — 2x — 3x% — x3.
A (1,-1) C. (-1, 5)
B. (2, 19) D. (-3/2,37/8)

27.Find ¥, %% — 4y? = 4.
A . x/4y C.4y/x
B. -x/4y D.-4x/y

28.Find %, x* +y3 = 2x?%y2

xy2—4x3 4xy?—4x3
AT C.=
3y?—4x?y 3y2—4x2%y
4xy2—4x3 axy?—4x3
B. = D.=X
3y%—4x?y y2+4x2y

29.Find the equation of the of the tangent line to the curve x? + y2 — 2x — 6y +
8 = 0 at (0,4).
Ay=x+4 Cy=-x+4
B.y=2x+4 D.y=-2x+4

30.Find the equation of the tangent line to the curvey + ,/x + y = x at pt. (3,1).
A.3x-5y-4=0 C.3x+5y-4=0
B.5x-3y-4=0 D.5x+3y+4=0
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31.Find the angle of intersection of the curve:
y = 2x;x° +y° = 33
A.63.43° C.3.58°
B.67.01° D. 45°

32.Find the angle of intersection of the curve:
xy+y=1y%>=(x+1)7°
A. 45° C.33.69°
B.11.31° D. 78.69°

33.Find the point of the ellipse x* — 2xy + 4y? = 12 at the right of y-axis where
the abscissa x has its greatest value.
A. (1,4) C.(2,1)
B. (1, 2) D. (4,1)

2
34.Find the points of inflection of x? + y3 = 2 at the first quadrant.
A (1,1) C.(1,-1)
B.(-1,-1) D.(-1,1)

35.Find the slope of the curve with parametric equation when u = 2:
x =2u®—3u%y=ud-3u
Al C. undefined
B.3/4 D.1/3

36.Find the radius of curvature of the curve y = x* — x? at point (0, 0).
A.1/4 C.1/3
B.3/4 D.1/2

37.Find the radius of curvature of the curvey = ﬁ at pt (0,0).

A. 1414 C.15
B. 0.354 D.1.933

38.Find the radius of curvature of the curve x3 + y3 = 4xy at point (2, 2).
A. 1414 C.1.5
B. 0.3554 D.1.933

39.1f the radius of the circle increases at the rate of 0.01 inch per second, find
the rate of change of the area when the radius is 3 inches long.

A.0.188 in2/s C.0.376 in?/s
B. 0.440 in?/s D.0.335in?/s

40.A point moves on the parabola y = x? so that its abscissa increases at the
rate of 3 feet per second. At what rate is the ordinate increasing when x = 2?7

A. 10 ft/s C. 15 ft/s
B. 12 ft/s D.8 ft/s
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41.0ne leg a right triangle is always 6 feet long and the other leg is increasing
at the rate of 2 feet per second. Find the rate of change of the hypotenuse
when it is 10 feet long?
A. 1.6 ft/s C.3.2ft/s
B. 1.2 ft/s D.2.5ft/s

42.A light hangs 15 feet directly above a straight walk on which a man 6 feet
tall is walking. How fast is the end of the man’s shadow traveling when he is
walking away from the light at the rate of 3 miles per hour?

A. 2.5 mph C.2.75 mph
B. 2 mph D. 1.5 mph

43.The base diameter and altitude of a right circular cone are observed at a
certain instant to be 10 and 20 inches, respectively. If the lateral area is
constant and the base diameter is increasing at the rate of 1 inch per minute,
find the rate at which the altitude is decreasing.

A.2.25 in/min C.5in/min
B. 7.5 in/min D. 4.32 in/min

44 A clock has hands 1 and 1 -3/5 inches long respectively. At what rate are the
ends of the hands approaching each other when the time is 2 o’clock?
A.5.70in/s C.-5.70in/s
B.3.291in/s D.-3.29in/s

45.A ladder 20 m long stands on a horizontal floor and leans against a vertical
wall. If the top of the ladder slides at the rate of 2 m/sec, find the rate at
which the angle between the ladder and the wall is changing when the foot
of the ladder is 12 m from the wall.

A.0.1rad/s C.0.2rad/s
B.0.3 rad/s D.0.4 rad/s

46.A conical glass whose radius is 5 m and altitude 12 m is being filled at the
rate of 10 cu. m/sec. How fast is the surface rising when the liquid is 6 m

deep?

A.3.18 m/s C.2.12m/s
B.0.51m/s D.0.13 m/s
475 =—2 , find the slope of the curve at 6 = I

2+cos 0 3
A.1.155 C.-1.155
B. 0.866 D.-0.866

48.Find the angle between the radius vector and tangent line at the point
indicatedr = asec20,0 = g.

A.26.57° C.27.66°
B. 31.24° D. 19.55°

180 MEGAREVIEW AND TUTOR\}AL CENTER

isit For more Pdf's Books
Pdfbooksforum.com



Visit For more Pdf's Books
Pdfbooksforum.com

CIVIL ENGINEERING MATHEMATICS BOARD EXAMINATION REVIEW BOOK

49.Find the angle of intersection between the curve:
r=6cos0;r=2(1+cos0)
A. 30° C.60°
B. 45° D.22.5°

50.Find the radius of curvature of the curver = 4 + 3sin6, at 6 = 0.

A. 3.68 C.5
B.0.2 D.0.272
51.Find the radius of curvature of the curver = ———: 0 = =,
1+cos© 2
A.1.414 C.2.828
B.5.657 D.2.121

o . do : :
Situation: For the curver = 5 + 4sin 6, pr 2 rad/s, ris expressed in feet:

T

52.Find the radial component of the velocity at 8 = -

>
A. 8ft/s C.4ft/s
B.16.93 ft/s D.17.39 ft/s

53.Find the transverse component of the velocity at 0 = g

A . 8ft/s C.4ft/s
B.16.93 ft/s D.17.39 ft/s

54.Find the velocity of the particle when 6 = g

A.8ft/s C.4ft/s
B.16.93 ft/s D.17.39 ft/s

55.Find the radial component of the acceleration at 8 = g

A.-47.61 ft/s? C. 16 ft/s?
B. 50.32 ft/s2 D.-16 ft/s?

56.Find the transverse component of the acceleration at 6 = g

A.-47.61 ft/s? C. 16 ft/s?
B. 50.32 ft/s2 D.-16 ft/s?

57.Find the acceleration of the particle when 6 = g

A.-47.61 ft/s? C. 16 ft/s?
B. 50.32 ft/s2 D. -16 ft/s2

58.Find two positive numbers whose product is 64, and whose sum is a

minimum.
A.8 and 8 C.4and 16
B.-8 and -8 D.-4 and -16

59.A closed box, whose length is twice its width, is to have a surface of 192 sq.
in. Find the dimensions of the box when the volume is maximum.
A.4inx8inx5.33in C.3inx6inx8.67 in
B.5inx10inx 3.07 in D.2.5inx5inx11.13 in
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60.Two vertices of a rectangle are on the positive x-axis. The other two vertices

are on the linesy = 4xandy = —5x + 6. What is the maximum possible
area of the rectangle?

A.1/3 C.4/5

B.1/5 D.2/3

61.A triangular corner lot has perpendicular sides of lengths 120 feet and 160
feet. Find the dimensions of the largest rectangular building that can be
constructed on a lot with sides parallel to the streets.

A. 5200 ft? C. 1700 ft?
B. 2800 ft? D. 4800 ft2

62.Find the area of the largest rectangle with sides parallel to the coordinate
axes which can be inscribed in the area bounded by the two parabolas y =
26 —x?andy = x? + 2.
A. 32 sq. units C. 64 sq. units
B. 16 sq. units D. 72 sq. units

63.A concrete culvert has a cross-section consisting of a rectangle surmounted
by a semicircle whose diameter is equal to the base of the rectangle. For a
given perimeter, find the ratio of the height of the rectangle to its base if the
area is a maximum.

A.1/2 C.1/4
B.2 D.4

64.The area of a sector of a circle is 64 sq. cm. Find its radius if the perimeter is

a maximum.
A. 8 cm C.10 cm
B.9 cm D.5cm

65.A piece of wire of length 21 + 8 cm is cut into two pieces. One piece is formed
into a square and the other into a circle. Find the length of the circular wire
so that the sum of the areas of the square and circle is a minimum.

A.1cm C.2cm
B.3 cm D.4 cm

66.Find the shortest distance from the point (3, 0) to the parabola y?2 = 4x.
A. 1414 C.2.828
B. 3.464 D.1.732

67.Find the volume of the largest right circular cone whose slant side is 10 cm.
A.403.07 cm3 C.187.33 cm3
B.509.667 cm3 D. 236.887 cm3

68.Find the volume of the right circular cone of greatest volume which can be
circumscribed about a sphere of radius 10 cm.
A.2617.99 cm3 C.13089.97 cm3
B. 6283.19 cm3 D.8377.58 cm3
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69.Find the volume of the right circular cone of greatest volume which can be
inscribed in a sphere of radius 6 cm.
A.201.06 cm3 C.268.08 cm3
B.536.17 cm3 D. 241.27 cm3

70.A lot 625 sq. m. in area is to be fenced on all four sides. Its dimensions
require the least amount of fencing. If the fence costs P 50.00 per linear
meter, what is the total cost?

A.P 2500 C.P 7500
B.P 5000 D.P 3750

71.A right circular cylinder having a volume of 1200 cu. cm is to be lined with
gold foil costing P 1.00 per sq. cm. on its curved surface and with silver foil
costing P 0.60 per sq. cm. at the top and bottom. Find its height for minimum
cost.

A.8.193 cm C.6.827 cm
B.10.122 cm D.4.556 cm

72.A gasoline station selling x gallons of fuel per month has fixed cost of P 2500
and variable costs of 0.90x. The demand function is 1.50 — 0.00002x and
the station's capacity allows no more than 20,000 gallons to be sold per
month. Find the maximum profit.

A.P 15000 C.P 10000
B.P 5000 D.P 2000
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DIFFERENTIAL CALCULUS SOLUTIONS
1. Evaluate lirrzl x% 4+ 3x+ 1.
X—

Solution:
f(x) =x*+3x+1
f2)=22+312)+1
f(2) =11

2. Evaluate lim l.
Xx-0X

Solution:

Assigning a very small number close to zero, could be -0.00001 or +0.00001.
[t is very important to check the values near the limit for both left and right
of the limit.

1
im-=——— = —-100000 ~ —
X~ Z0.00001 »
1 1
m-=—— = +100000 ~ +oo

lim= =
x50 X +0.00001

It shows that when x came from left of zero the function approaches
negative infinity; and if x came from right of zero the function approached
positive infinity; the function approaches different values. Therefore, the
limit does not exist.

3. Evaluate lim iz
Xx—-0X

Solution:

If x came from left of zero:

1
X_Z =~ +OO
If x came from right of zero:
1
X_Z =~ +OO
Hence,
o1
lim — = +oo
x-0 X
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-81

4. Evaluate 11m

X—>9 X—9
Solution:
- x?—-81 9%2-81 0 _
l(l_rg —" = 9.9 = 0 — indeterminate
But:
m(X_g)(X+9) =limx+9 =18
X—9 Xx—9 X—9
Alternative solution:
Try x =8.999
Go to MODE 1 and type:
x? — 81
Xx—9
Press CALC:
x?x = 8.999
The answer will be 17.999.
Try x=9.001
Again, press CALC:
x?x =9.001

The answer will be 18.001.
Since both limits approaches 18, therefore,
- x%-81
lim
X-9 X —

=18

2x%

5. Evaluate lim
x—o00 3x4+x3-x2-x-1"

Solution:
2x*
>£1—>r<r>103x4+x3—x2—x—1
Dividing the numerator and denominator by the term with highest
exponent:

1
2x* | (2x*) (s2)
lim ————— = lim 1
x—o0 3x* +x3 —x%2 —x—1 X_)°°(3x4+x3—xz—x—1)(—4)
X
. 2x* y 2
XLTO3X4+X3—x2—x—1_XL“BOSJr;_i_l_i
X x?2 x3 x#

. 2x% 2
3%t +x® —x2—x—1 3+0-0-0-=0
. 2x*4 _2
x1—>r2>3x4+x3—x2—x—1 3

Alternative solution:
Go to MODE 1 and type:
2x4

3x*+x3 —x2—-x-1

Then press CALC:
x?x = 1000000 — x is a very large value
The answer will be 0.6666x2/3.
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1-cosx

6. Evaluate lim—;
x—0 X

Solution:

Note: In performing calculation involving trigonometric functions, the angle
should be in radian mode.
Go to MODE 1 and type:

1 —cosx
XZ
CALC:
x?x = 0.001
= 0.4999 = 0.5
CALC:
x?x = —0.001
= 0.4999 =~ 0.5
Same value, hence:
~1—cosx
lim————=0.5
x—0 X
. sin(%)
7. Evaluate lim

[y

n—oo sin(ﬁ)
Solution:
Go to MODE 1 and type:

n(?)
()

CALC:
x?x =1000000
= 1999 = 2
8. Evaluate %, y = x? — 5x.
Solution:
y = x? — 5%
y  =2x—-5
9. Evaluate %, y = Z
Solution:
_ 3
Y=x
y =3x71
y' = —3x72
, 3
V=g

10.If f(x) = 3x? — 2x + 1, find the value of x for which f’(x) = 0.

Solution:
f(x) =3x2—-2x+1
f'(x) =6x—2
f'(x) =0

6x—2=0;x=1/4
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11.Find the rate of change of area of the circle with respect to its radius when
the radius is 3 feet.

Solution:
A = mr?
dA
T = 27r
i—f = 2m(3)
dA B )
E = 6Tt ft /ft

12.Evaluate %, y = (x—1)(2x% + 3).
Solution:
y=(x—-1)(2x*+3)
d d
y=(x—-1)—(2x*+3)+(2x*+3)—(x—-1)
dx dx

y' = (x—1)(4x) + (2x* + 3)
y' = 4x% —4x+ 2x* + 3
y' =6x*—4x+3

dy 1 2
13.Evaluate wY = 2x2 + 3x3.

Solution:
1 2
y = 2x2 + 3x3
1 2 1
'=2.-2x2+4+3--x3
y' =2 2X +3 3X
1 1

y =x2+2x 3

14.Evaluate %, y = W.

X
Solution:

2-x)(2x+1)
y=

;= —2x? +X3x+2
X

y=—-2x+3+-
2

y'=-2-5

15.Find %, y = M, atx=1.

Solution:
Use MODE 1 and type:

i<(1+&)(2+‘/§)> - a3

dx X
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16.Find the area of the circle when the rate of change of the area with respect
to a diameter is 41 square feet per foot.

Solution:
A=_1p2
4
dA T 2D
dD 4
dA_n
dD 2
dA_4
ap -~ "
4 = ED
2
D=8ft
Hence,
0
A = —D?
4
A== (8)
4

A = 16mt square feet

17.Find the slope of the curve y = 8x — 3x? at pt. (2,4).

Solution:
y = 8x — 3x? at (2,4)
y' =8 —6x
y'=8-6(2)
y =—4

18.At what point is 2 the slope of the curve y = 4x + x?2?

Solution:
y = 4x + x*
y' =4+ 2x
y' =2
2=4+2x
x=-1

y=4(-1+(-1?
y=-3
Hence, the pointis (-1, -3).
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19.Find the equation of the tangent line y = x(2 — x)? at pt (1,1).
Solution:
Solve first for the slope of the tangent line:

‘{,

y = x(2-x)*

Go to MODE 1 and type:
d 2
— (K2 =9Dye = —1
Solving for the equation of the line: m = -1, point (1, 1):
y—1=(CDE-1
y—1=—-x+1
Xx+y—-2=0

20.Find the angle of intersection between the  curves
y=x?+1
1

y=X+x"

Solution:

| T ST I Oy T (S S, (O] T S P | I

y=x%+1

y = x? + 1 - equation 1

1 - equation 2

y=X+XxX
Solving for the point of intersection:
x2+1=x+x"1
x3+x=x%+1
x3—x24+x—1=0
Solve using MODE 5-4:
1 -2 1 -1]
x, =1
X, =1
X3 = —1
Solving for the value of y:
y=12+1
y=2
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Therefore, the point of intersection is (1, 2).
Solving for the slope of tangent line of equation 1:

y' = 2x
y'=2(1)
y'=2
Solving for the slope of tangent line of equation 2:
1
y=1-5
) 1
y=1-3
y' =0

Referring to the figure:
® = arctan(2 — 0) = 63.435°

21.At what point of the parabolay = x> — 3x — 5 is the tangent line parallel to

3x—y =37
Solution:

HEEREREE

Solving for the slope of the line 3x — y = 2:
y=3x—2
m = 3

Solving for the derivative:
y=x?-3x-5
y'=2x—3
Since the tangent line is parallel to y = 3x — 3, whose slope is 3, hence, y' =
3.
Solving for x:
3=2x—3
x=3
Now, solving for y:
y=x%>—3x—05
y=32-3(3)-5
y=-5
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22.At what point of the curve y = x* is the normal line parallel to 2x + y = 3?

Solution:

2x+y=3

2

Solving for the slope of the line 2x +y = 3:
y=—2x+3

m= —2
Hence, the slope of normal line parallel to the line 2x +y = 3 is -2.

To solve for the slope of tangent line, take the negative reciprocal of the

slope of the normal line:

Therefore, the point is G , 1—16)

23.Find the point where the normal to y = x + v/x at (4,6) crosses the y-axis.

Solution:
Solve first for the slope of tangent line:

GAREVIEW AND TUTORIAL CENTER 191

. ME
Visit For more Pdf's Books
Pdfbooksforum.com



Visit For more Pdf's Books
Pdfbooksforum.com

CIVIL ENGINEERING MATHEMATICS BOARD EXAMINATION REVIEW BOOK

y =x ++/xat (4,6)

Slope of normal line, m,, = — g.

Solve for the equation of the normal line: m = — g, pt (4,6)

y=mx+b

4
6: —5(4)+b
46

b=?

The point where a line crosses the y-axis is its y-intercept, therefore the
point is (0, %) or (0,9.2).

24.For the curve y = x? + %, at what point does the normal line at (0,0)

intersect the tangent line at (1,2).
Solution:

Solving for the equation of a normal line tﬁrough pt. (0, 0):
Solve firsts for the slope of the tangent line:

y =x%2+x
y' =2x+1
y' =2(0) + 1
y'=1

Hence the slope of the normal line through (0, 0) is -1.

Solving now for the equation of a line through (0, 0):
m = —1,pt. (0,0)

y = —X — equation 1
Solving for the equation of the tangent line through (1, 2):
y =x%+Xx
y ' =2x+1
y =2(1)+1
y'=3
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Solving now for the equation of the line:
m = 3,pt. (1,2)
y—2=3(x—-1)
y = 3x — 1 — equation 2
Getting the intersection:

y = —X
{y=3x—1
—x=3x—1

4x—1=0

_1. —_— 1
X=3y="g

Therefore, the point is G,%).

25.The tangent to y = x3 — 6x? + 8x at (3, -3) intersects the curve at another
point. Find this point.
Solution:

Solve first for the equation of the tangent line at (3, -3):
Solving the slope of tangent line, we have:
y = x3 — 6x% + 8x
y' =3x*>—12x+8
y' =3(3)2-12(3) + 8
y'=-1
Solving now the equation of tangent line:
m = —1,pt(3,—-3)
y+3=—-(x—3)
y = —X
Solving for the point of intersection:
y = —X
y = x3 — 6x% + 8x
—x = x3 — 6x% + 8x
x3—6x24+9x=10
Go to MODE 5-4:
[1 -6 9 0]
Xy =0,y =0;x, =3,y, = =3
Therefore, the other point is (0,0).
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26.Find the point of inflection of the curvey = 5 — 2x — 3x% — x3.
Solution:
For the point of inflection:
y" — 0

y=5—2x—3x?—x3
y' = -2 — 6x — 3x*

y' = —6 — 6Xx
0=-6—06x
x=-1
Solving for y:
y=5-2(-1) =3(-1)% = (-1)°
y=5

Therefore, the point is (-1, 5).

oqdy o o
27.Find X 4y~ = 4,

Solution:

2x —4yy' =0
. 2X
V=5
X
Y=

28.Find %, x* +y3 = 2x?%y2
Solution:
d s 3 2,2
&[X +y° = 2x°y“]
4x3 + 3y?y’ = 2[x2(2yy") + y2(2x)]
4x3 + 3y?y’ = 4x2yy’ + 4xy?
3y%y’ — 4x%yy’ = 4xy? — 4x3
y'(By? — 4x%y) = 4xy? — 4x3
,  Axy? —4x3
y = 3y? — 4x?%y
29.Find the equation of the of the tangent line to the curve x? + y? — 2x — 6y +
8 = 0 at (0,4).
Solution:

x?+y?-2x—6y+8=0

y=x+4
v
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d
&[Xz+y2—2x—6y+8=0] at (0,4)

2x+2yy' —2—-6y' =0
2000+ 2M@)y'—2—-6y' =0

2y' =2
y' =1
Solving for the equation of tangent line:
m = 1,pt. (0,4)
y—4=x
y=x+4

30.Find the equation of the tangent line to the curvey + ,/x +y = x at pt. (3,1).

Solution:

d

- [y +/x+y=x]atpt.(3,1)
1 _1 ;

y’+§(x+y) 2(1+y) =1

1 1
y' +§(3 +1) 21 +y) =1

, 3
Y 73
Solving for the equation of the line:
3
m = g,pt. (3,1)
1=2(x-3)
y =g\
5y—-5=3x-9
3x—5y—4=0

31.Find the angle of intersection of the curve:
y = 2X
x> +y°> =33
Solution:

Solving for the point of intersection:
x® + (2x)°> =33

x> + 32x° = 33

33x° = 33

x> =1
x=1Ly=2
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Now, solving for the slopes:
y = 2X
y1 =2
8, = tan"1(2)
0, = 63.43°

x®+y°% =33

x> +y> =33
5x* + 5y*y' =0

Therefore, the angle of intersection is:
0 =10, — 0,
0 = |63.43° — (—3.58°)|
6 =67.01°
Alternative solution in solving for the angle of intersection:

tan 0 =

0=67.01°
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32.Find the angle of intersection of the curve:
xy+y=1
y3 = (x+ 1)2
Solution:
Solving for the point of in‘Eersection:

xyty=1
yx+1) =1

1
Xx+1=-
y

Substituting it to the other equation:
2

3 _ })
y (1y
y? = ?
y>=1
y=1x=0
Now, solving for the slopes:
xy+y=1
xy' +y+y' =0
Oy +1+y' =0
y1 = —1
6, = —45°
y3 = (x+ 1)?

3y%y' =2(x+ 1)
3(1)%y" = 2(0 + 1)

3y =2
, 2
y2 = 3
0, = 33.69°
Therefore, the angle of intersection is:

6 =10, — 0,
0 = [—45° — 33.69°
0 =78.69°
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Alternative solution in solving for the angle of intersection:

0 = —78.69° (just take the positive value, 78.69°)

33.Find the points of the ellipse x* — 2xy + 4y? = 12 at the right of y-axis
where the abscissa x has its greatest value.
Solution:
For the abscissa to have its greatest value, the slope must be undefined:

| |
‘ |
| |
\ |
| |
| |

T IS S ISR B SHE e S et

i

|
|
I
| \
|
|
|
|

Therefore:

X% — 2xy + 4y? = 12
dx dx
2X——2<—y+x>+8y=0

dy dy
2x(0) = 2[(0)y+x]+8y =0
—2x+8y=0
X =4y

Substituting it to the equation of ellipse:

(4y)* = 2(4y)(y) + 4y* = 12
16y2 — 8y? + 4y? = 12

12y? = 12
y?=1
y=1%1
x = 4(£1)
X =14

Therefore, the point is (4,1).
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2
34.Find the point of inflection of x? + y3 = 2 at the first quadrant.
Solution:

2 1
2x+§y 3y’ =0

102
2xy3 +§y’ =0

For the point of inflection:

y" — O
Therefore:
1 1
0= Xzy 3 — y3
1 1
Xzy_§ = y§
2
XZ = y3
But:
2
y3 = 2 —x?
Substituting:
x? =2 —x?
2x% =2
x? =1
x==1
Solving fory:
y=1zx1

Therefore, the point of inflection is (1,1).

35.Find the slope of the curve with parametric equation when u = 2:
x = 2u3 — 3u?

y =u® —3u
Solution:

dx_6 2 ¢
el u u
dx
—=6(2)" -~ 6(2)
du

dx_12

du

dy

— =3u?*-3
du 4

dy
—=3(2)?-3
U (2)

dy

—=9

du
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Therefore:
dy
dy _dqu_292_3
dx dx 12 4
du
Alternative solution:
dx
— (2X3 — 3X? =12 > —
( )x=2 - du
d dy
— (X3 =3X)y_, =9 5 —
dX( 3X)x=2 - du
Therefore:
dy 9 3
2 _= |
ax - 121 Ok

36.Find the radius of curvature of the curve y = x* — x? at pt (0,0).
Solution:

3
[+

ly"|
Solving y’ and y”:
y' = 4x3 — 2x
y' = 4(0)® — 2(0)
y' =0
y"'=12x% -2
y"' =12(0)2 -2
y'=—=2
Therefore:
1+ 02]%
SRR
1
P=3

37.Find the radius of curvature of the curve y = x+i1 at pt (0,0).

Solution:
) x+1)(1) — x)(1)
y x + 1)2
. Xx+1—x
y = ——
x+1)
.1
Y T &+ 1)
1
Y = oF
y =1
no__ _2
Y T x+1)3
—2
y (o +1)3
y'=-=2
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Therefore:

[+
2
p=1v2

38.Find the radius of curvature of the curve x3 + y3 = 4xy at pt (2,2).
Solution:

d s, 3
I [x° +y° = 4xy] at (2,2)
3x% 4+ 3y%y' = 4(xy' +y)
3x% + 3y?%y’ = 4xy’ + 4y
3(2)* +3(2)%y' =42y’ +4(2)
y' =-1

6x + 3[y’y" +y' yy)] = 4(xy" +y') + 4y’

6x + 3y2y+6y(y')?=4xy + 8y’

6(2) + 3(2)2y+6(2)(-1)* =4(2)y + 8(—1)
yn — _8

Therefore:

[+ D
8]

P=T

39.1f the radius of the circle increases at the rate of 0.01 inch per second, find

the rate of change of the area when the radius is 3 inches long.
Solution:

Given:
dr 0.01 in
dt s
Required:
dA
— =?whenr =3 in
dt
From the area of circle:
A = mr?
Differentiating the whole equation with respect to time, we have:
dA ) dr
TRT:
dA
T 2m(3)(0.01 in/s)
dA 3m 0.188 in?
% -0~ " in“/s
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40.A point moves on the parabola y = x? so that its abscissa increases at the
rate of 3 feet per second. At what rate is the ordinate increasing when x = 2?7

Solution:
Given:
K _3g
at = S s
Required:
dy
— =?whenx = 2
dt
Differentiating the whole equation with respect to time:
dy ) dx
de ~ ““ar
Y 220
dt
dy
—=12ft
dt /s

41.0ne leg a right triangle is always 6 feet long and the other leg is increasing
at the rate of 2 feet per second. Find the rate of change of the hypotenuse
when it is 10 feet long?

Solution:
Referring to the figure:
By Pythagorean Theorem: L
x? + 6% =12 6’
When L =10 ft:
x? = 10% — 67 |
x =8 ft | X

Now, differentiating the whole
equation with respect to time:

) dx B LdL
AP TIRT:
dL
2(8)(2 ft/s) = 2(10)E
dL
—=1.6ft/s

dt

42.A light hangs 15 feet directly above a straight walk on which a man 6 feet
tall is walking. How fast is the end of the man’s shadow traveling when he is
walking away from the light at the rate of 3 miles per hour?

Solution:

Referring to the figure: A
Z_3 mph P '?
dt #
dy dx #
d—=7whena=3mph /// |

By similar triangles: D 7 15

y—X _ l //
9 15 / 6’ &
_3 e B
X=5¥ - - -
y
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Differentiating the whole equation with respect to time:

dx 3 dy
dt ~ 2dt
mi 3 dy
hr  2dt
dy

— =2 h
ac -~ ~™MP

43.The base diameter and altitude of a right circular cone are observed at a
certain instant to be 10 and 20 inches, respectively. If the lateral area is
constant and the base diameter is increasing at the rate of 1 inch per minute,
find the rate at which the altitude is decreasing.

Solution:
From the general formula of lateral

surface area:

1

Pl = T[D h
P,=0
By Pythagorean Theorem:
D\? -
()
2
D 2 ‘ D ‘
=)
2
Substituting:

A=t e+ (D)
2" 2

Differentiating the whole equation with respect to time:
dh dD 5

da _m| 2+ 3 7P h2+<9> .dD
dt 2 D 2 2 dt
2 |2 + (7)
Since the lateral area is constant:
dA B
dt
Therefore:
dh 1 dD
T Zha_l__IZDE D\? dD
"p- + [+ (3) =
2 2 4 D 2 2 dt
2h (2)
dh dD
h 4 dt vz (D)2 dD
2 dt

s

Now, substitute the following:

dD
D=10in,h = 20 in,a = 1 in/minute
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We have:
dh

020 4 (10)(1)+ J202+ (%)2-(1)=o
, . (10
J2or + ()

dh
10 (205 + 2.5) + (202 +5%) =0

dh
10(205 +25) = —425

dt
dh
20—+ 2.5=-425
dt
ZOdh = —45

dt
dh _ 2.25i inut
Friniaca in/minute

The negative sign shows that the height is decreasing at a rate of 2.25 inches

per minute.

44 A clock has hands 1 and 1 -3/5 inches long respectively. At what rate are the
ends of the hands approaching each other when the time is 2 o’clock?

Solution:
Referring to the figure:

By cosine law:
x? =12+ 1.6% — 2(1)(1.6) cos 60°

x=141in
Differentiating:

) dx_32 _ ede
th_ .2 sin Tt

Remember that:

9 _ 4550 4 T ad/minut
i /min = 360 rad/minute

As the minute hand approaches the hour hand 2 g  takes the negative value,

de . . :
< IS positive as it leaves the hour hand.

Therefore:
2(1.4)— = 3.2 60°( L )
( )d = sin 360 /min
dx
Pl —0.095 in/min

X 5701
P in/s
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45.A ladder 20 m long stands on a horizontal floor and leans against a vertical
wall. If the top of the ladder slides at the rate of %2 m/sec, find the rate at
which the angle between the ladder and the wall is changing when the foot
of the ladder is 12 m from the wall.

Solution:
dy
dt
Required:
do
— =?whenx=12m
dt
Referring to the figure:
By Pythagorean Theorem:
x? +y? = 202
y? = 20% — 122
y? =256
y =16 m
Using trigonometric functions:
0 ==
cos 20
Differentiating the whole equation with respect to time:
20cosB =y
20sin0- 0 - I
IR T T:
Using trigonometric functions:
X
o =
sin 50
o = 12
sinb =7
o = 3
sinb = ¢
Substituting:
20 <3> 9 _ 1.2
5/ dt
12 9 _ 1.2
dt
9 _ 0.1rad
i rad/s

MEGAREVIEW AND TUTORIAL CENTER 205

Visit For more Pdf's Books
Pdfbooksforum.com



Visit For more Pdf's Books
Pdfbooksforum.com

CIVIL ENGINEERING MATHEMATICS BOARD EXAMINATION REVIEW BOOK

46.A conical glass whose radius is 5 m and altitude 12 m is being filled at the
rate of 10 cu. m/sec. How fast is the surface rising when the liquid is 6 m

deep?
Solution:
Referring to the figure: G .
dv — 10m?/
T m>/s
12m
Required:
dh
— =?whenh =6m
dt
From the formula of volume of a

cone:
V=2 2p

Solve first the relationship between the radius and the height:
By similar triangles:

Substituting:

v—“(sh) h
3\12

v 25T b3
432
Differentiating the whole equation with respect to time:

dv _ 25m ; ,dh
dt = 432 dt

Thus,
m® 25w ,dh
10? =232 - 3(6) T
d—il =0.509m/s
Alternative solution:
From the formula:
Q=Av
By letting:
~av. ~  dh
Q= E; mr<; v T
When h = 6 m:
5
12 2h
r= E (6)
r=25m
Therefore:
m?3 dh
10— = (2. 5)2

dh
— = 0.509m/s (ok)
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2 T

47.r = e find the slope of the curve at 6 = 3
Solution:
Remember, in rectangular form:
X =rcos0
y =rsin0
Differentiating both equations with respect to 6:
dx _ dr
i r(—sin0) + COSGE
dy _ dr
@: rcos@+sm9£

Therefore, the slope is:

ay

>

)_sin9%+rcose

DI X | DI

) cos@%— rsin 0
Thus:

2 \
; 24 cosf

r
i 2(=1)(2 + cos08)~2(—sinB)
dr B 2sin 0

d® (2 + cosB)?

L d
Substituting 6 = g tor and d—;:

_ 2
' 2+ cos%
4
r=3
dr 251n§
do (2 + cosg)2
dr 443
de 25
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Hence,

Alternative solution:
Be sure that your calculator is in radian mode:

d 2 dx
&(2 +cosX X)ng = 0554~ de
d 2 _ dy
&(2 +cosX o X)ng =064~ de
Therefore:
dy_ 064 _ —1.155
dx —0.554

48.Find the angle between the radius vector and tangent line at the point
indicatedr = asec20,0 = g.

Solution:
The angle 3 between the tangent and the radius vector is:
r
tan 3 =
dr
/e
r = asec20
ar _ 2 20 tan 26
qp — 2asec26tan
Therefore: ' ‘ 1 C T r=lasec2s
) _ asec20
anp = 2asec20tan 26
1
t = A
an B 2 tan 20
1 S
tanf = ———
a2 ()
B =26.565°
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49.Find the angle of intersection between the curve:
r = 6c¢os0
r =2(1+ cos0)

r=2(1+cos8)

Solution:

Solving first for the point(s) of intersection:
6cos0 = 2(1 + cos0)
3cosO=1+cosH

2cosf =1

1

cosezz
s _5‘1‘[
9—5,9—?

Referring to the figure:

Since both graphs are symmetrical with respect to the x-axis; also, the points
of intersection are symmetrical with respect to x-axis, we can say that they
form an equal angle of intersection:

r; =6cosH

r; = cos3

r; =3

dr; 6 sin 6
0 - sin

dr; 6si T
0 - sm3
dry

— = —3v3

de V3

sin9%+r1 cos 9

y =
' cose%— r; sin©
(sin %) (—3\/5) +3 COS%
y1 =
' (cos %) (—3\/§) -3 sin%
, V3
yi = 3
0, = 30°
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r, = 2(1+ cos6)
r, =2 (1 + cosE)
3

r, =3

dr, 2(sin )
0 sin
drz ) T
0 - sin 3

dr,
- V3

sin 0 (216 +r1,cos0

1 dr,
COSGE —T,sin0

Ji = (sm )( \/_)+3cosg
(cos )( \/—) 3Sln%

You must get an equal value or r, since they intersect.
Therefore, the angle of intersection is:

0= |91 _92|
0 =130°—0°]
0 = 30°

Alternative solution:
For the first curve:

d (6 X X) 5.196 dx
— — . _) —
T cos X cos X=§ 10
4 6 cosXsinX) 3, W
— — _) —
T cos X sin X=§ 10
Thus:
()
do -
§ = = = 0.577
Y1 (Q) ~5.196
do
6, = 30°
For the second curve:
d dx
&(2(1 + cos 0) cos X)x: = —3.464 > 10
4 201 + cos0) sinX), x =0 > J
T cos 0) sin x=1 10
Thus:
(@)
,_\ae)__ o _
2 = (g) - —3.464
de
y2 = 0°
Therefore:
0= |91 - e2|
0 =|30°—0°|
0 = 30° (ok!)
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50.Find the radius of curvature of the curver = 4 + 3sin0, at 6 = 0.
Solution:

%

r=4+3sinf

From the formula:
3
(rz +r'?)2

P= [r? 4+ 2r'? —rr"|

We have:
r=4+3sinb
r=4+4 3sin0
r=4r*>=16
For the first derivative:
r' =3cosH
r'=3cos0
rr=3r%=9
For the second derivative:
r'=-3sin0
r'" = —3ssin0
r"=20
Therefore:
_ (16+9)
P =116 + 2(9) — 4(0)]|
_ 125
P=34
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51.Find the radius of curvature of the curve r = 0 =1,
1+cos 6 2
Solution:
From the formula:
3
(r* +r'?)2
b= [r? 4+ 21’2 —rr"|
We have:
X2
T = 1% cost
2
r =
1+ cosHO
2
r = —
T
1+ c057
r=2:r’=4

For the first derivative:
r' =2(—1)(1 + cos0)2(—sinB)

, 2sin 9
r ~ (14 cos0)?2

. T

, 251n7
r' = p—
(1+c057)

r'=2;r%=4

For the second derivative:

vy (1 + cos0)?(cos8) —sinB (2)(1 + cos 0)(—sin0)
= i (1+ cosB)*
r 2
. (1 + cosg) (cosg) + ZSinZg(l + cos g)
— —
i (1 + cos 7)
r" —_ 4
Therefore:
3
B (4 +4)2
P2 — 2]
p=4V2
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. . . de . .
Situation: For the curver = 5 + 4 sin 6, e 2 rad/s, r is expressed in feet:

\\
u

54 4sin6

52.Find the radial component of the velocity at 6 =

E_
>
Solution:

From the formula:

_dr
AT
We have:
_dr 4 0 de
vp=gp = 4cos0
Tt

vV, = 4cos§(2 rad/s)
v, = 4 ft/s

53.Find the transverse component of the velocity at 6 =
Solution:

From the formula:

_ do
Vg = r dt
We have:

_ 2rad
Vg = (5+451n6)< 5 )

(5445 1 2rad
vo = (5+4sin3) (27)
Vo = 10 + 4V/3 ~ 16.93 ft/s

54.Find the velocity of the particle when 6 = —.
Solution:

vZ =v,.2 + vy?
vZ =42 +16.932

v=17.39 ft/s
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55.Find the radial component of the acceleration at 8 = g

Solution:
From the formula:

d?r dey?
a, = __r( )

dt? dt
We have:
dr _4 0 do
at e
d?r _ . 6d26+de( _ ed@)
daez = % Tae U
d2
1= 4[0 — sin— (2) ]
d2
— = —-8v3
dt? V3
Therefore:

= —8V3 — (5 + 4 sin— ) (2)?
a, = —20 — 16V3 ~ —47.71 ft/s?

56.Find the transverse component of the acceleration at 6 = g

Solution:
From the formula:
drd6 d?e
ag = 2 Jtdc + FW

Therefore:
ag=24(2)+0
ag = 16 ft/s?

57.Find the acceleration of the particle when 6 = g

Solution:

a,.% + ag?

a2 = (—47.41)% + 162
a = 50.32 ft/s?

58.Find two positive numbers whose product is 64, and whose sum is a
minimum.
Solution:
Let:
Xy = 64
X — 1st number
y — 2nd number

S=x+y

Solve y in terms of x:

Y=?
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Therefore:
64
S=x+—
X
dS 64
dx x?
Since the sum is a minimum, set the derivative equal to zero:
64
0=1-=
x2—64=0
x=8
Solving for the value of y:
64
Y=g
y=28

59.A closed box, whose length is twice its width, is to have a surface of 192 sq.

in. Find the dimensions of the box when the volume is maximum.
Solution:

Referring to the figure:

H

”/N%/f

The surface area of a closed box is:
A =2(LW + LH + WH)

Given that:
L=2W

Substituting:
96 = (2W)W + (2W)H + WH
96 = 2W? + 2WH + WH
96 = 2W? + 3WH
Solving for the value of H:
3WH = 96 — 2W?

32 2
W 3
From the volume of rectangular prism:
V = LWH
V = (2W)WH
V =2W? (32 2 W)
B w3
4
V =64W — §W3
v _ 64 — 4W?
dw
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Setting the derivative equal to zero:

0 = 64 — 4W?
W =4in
Therefore:
L=2(4)
L=8in
32 2
H=7-3W
16
H =?1n

Therefore, the dimension is 4 in x 8 in x 5.33 in.

60.Two vertices of a rectangle are on the positive x-axis. The other two vertices
are on thelinesy = 4xandy = —5x + 6. What is the maximum possible
area of the rectangle?

Solution:
Referring to the figure:

4
\ o
Let: u = coordinate of the %//
leftmost vertex, B:
y = 4x
y = 4u P 8
Substituting to the other
equation: B D
4u = -5x+6 n—
u
_ 6 — 4u \
=5
Thus, the base of the rectangle is:
b= 6 —4u _ 6 —9u
75 YT
Therefore:
A = bh
6 —9u
A= ( ) (4u)
5
4
A= 5 (6u — 9u?)
dA _ 4 (6 — 180)
du_ 5 4

Setting the derivative equal to zero:
1
u = —

The area of the rectangle is:

A=
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61.A triangular corner lot has perpendicular sides of lengths 120 feet and 160
feet. Find the dimensions of the largest rectangular building that can be
constructed on a lot with sides parallel to the streets.

Solution:
Referring to the figure: -
By similar triangles: .
120 120—y o
160 x =
3 120-y
4 x >
3x = 4(120 —y)
X=§(120—y) X 160-x |

From the area of rectangle:
A =xy

4
A= 5(120 -y

4
A =2 (120y —y?)

dA 4
d_y =3 (120 — 2y)
Setting the derivative equal to zero:
120-2y =0
y = 60 ft
~x=80ft
Therefore, the area is:
A = (60)(80)
A = 4800 ft?

62.Find the area of the largest rectangle with sides parallel to the coordinate
axes which can be inscribed in the area bounded by the two parabolas y =
26 —x?andy = x? + 2.

Solution: 7
Referring to the figure: 2%
A =2x(y; —y1) /41
A =2x[(26 —x2) — (x2 + 2)] E
A = 2x(24 — 2x?)
A = 4x(12 — x?) {344, 14)¥}{ 346, 14)
A=4(12x — x%) g y =26-x?
dA H
— = 4(12 — 3x?%) :
dx
Setting the derivative equal to zero: (37.0) \:)/2 BN
3X2 - 12 -10 I 0 10
x%2 =4 ‘/
X =2 yERE )

Therefore, the area is:
A =4[12(2) — 23]
A = 64 sq. units
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63.A concrete culvert has a cross-section consisting of a rectangle surmounted
by a semicircle whose diameter is equal to the base of the rectangle. For a
given perimeter, find the ratio of the height of the rectangle to its base if the
area is a maximum.

Solution:
Referring to the figure:

P=2h+bt
By b/2

Solving for the value of h:

h=2[p-b(1+7)] h

For the area:

A = bh + —b?
B 8

a=bfp-b(1+ D))+ Db °
A= [Po—b?(140)] +2b2
dA 1y i1 i1
EZE.P_Zb(lJFE)]Jer
Setting the derivative equal to zero:
1 T T
E[P_Zb(lJ’E)]J’Zb:O
1 m T
Ep_b(1+§)+2b:0
%P—(1+g)b=o
(1+g)b=%P
N
2(1+7)
P 2
b_2+;E
b—42+Pnz0.28P

Therefore, the value of h is:

-2 ()4

2
h—1P 2P <2+T[)
21 44w\ 2 ]
h—l-P 2+T[P]
21 441
1 m+4 247
(-
2 \m+4 441

P
h = ~ 0.14P

T+ 4
The ratio of height to the base is:
(G5 _

=]
+
NN

h_ _1
)

)
NN
~—
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64.The area of a sector of a circle is 64 sq. cm. Find its radius if the perimeter is

a maximum.
Solution:
From the area of sector:
A= 1 29
2" r S
64 = 1 29
128 =r?%0 )
128
=7 r
Referring to the figure:
P=2r+r06
128
P=2r+r (—2>
r
128
P=2r+—
r
dP B 128
dr r?
Setting the derivative equal to zero:
128
= — r_Z
2r? = 128
r’ = 64
r=8cm

65.A piece of wire of length 21 + 8 cm is cut into two pieces. One piece is formed
into a square and the other into a circle. Find the length of the circular wire
so that the sum of the areas of the square and circle is a minimum.
Solution:

Referring to the figure:

P =4s+ 2nr
2m+ 8 = 4s 4+ 2nr

4s =2m—2nr+ 8

4s =2m(1—r)+8

TT
S=§(1—F)+2

The sum of the areas of the two figures is:
A =s? +mr?

Substituting the value of s:
2

A= [g(l—r)+2] + mr?
dA

== 2[%(1—r)+2] (g) (—1) + 2mr
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Setting the derivative equal to zero:

U
0=—n[§(1—r)+2]+2nr
Tr
2nr=n[z(1—r)+2]

TC
2r=5(1-1)+2

dr=m(l—-r)+4
4r=mnm—1r+4
4r+mr=m+4
r(nt+4)=n+4
r=1cm
Therefore, the other length is:

i1
s=5(1-1)+2

s=2cm

66.Find the shortest distance from the point (3, 0) to the parabola y?2 = 4x.
Solution:
By distance formula:
s?=(x—3)’+(y—0)?
s? = (x—3)? +y?
Substitute y? = 4x:
s? = (x—3)%+4x

ds
2s—=2(x—-3)+4

dx T
Setting the derivative equal to zero: : B
0=2(x—3)+4 pd
2(x—3) = —4 A
Xx—3=-2 R
x=1
Substituting: i i
y? =4(1)
y* =4
y =
Therefore:

52 = (1—3)2 + 22
s? = (=2)% + 2
s2=8

s =22
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67.Find the volume of the largest right circular cone whose slant side is 10 cm.
Solve using the functions of the angle 6.

Solution:

r

e =

sin 10
r=10sin6

0= h

cosO = 10
h=10cos0

Referring to the figure:

For the volume of the cone:
V=2r2h
=—r
3
Substituting the value of r and h in terms of 6:

T
V= 3 (10sin 8)?(10 cos 0)

10001t
V= 3 sin® B cos O
dv _ 10001t

[sin? B8 (—sin®) + cos 0 (2 sin B cos B)]

de 3
Setting the derivative to zero:
sin”@ = 2 cos? 0

sin® @
c0s20
tan?0 = 2
tanf = V2
0 =tan~1/2
0 = 54.74°

Therefore, the volume is:
m
V= 3 (10 sin 54.74°)2(10 cos 54.74°)

V = 403.07 cm?

68.Find the volume of the right circular cone of greatest volume which can be
circumscribed about a sphere of radius 10 cm. Solve using the function of
the angle 6.
Solution:
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Referring to the figure: (b = 10)

_ b
sinf = —
y
_ 10
sinf = —
y
y =10cscH
tan0 = —
an _y+b
tan® = ’
AME =70 csc0 + 10

r=10tan0 (1 + cscO)
r =10(tan 0 + secO)
From the formula of volume of a cone:

T
V= §r2h
T
=3 [10(tan B + sec 8)]2(10)(1 + cscB)
1000T
V= 3 (tan @ + secB)?(1 + cscH)
dv 1000m
B- "3 [(tan® + sec8)?(— csc O cotB)

+ (1 4 csc8)(2)(secO + tan 8)(secBtan O + sec? 0)]

Setting the derivative equal to zero and simplifying:
cscOcotB (tan B + secB)? = 2secB (1 + cscB)(secH + tan H)?
cscOcot® = 2secH (1 + cscH)

1
sin © cotd = cos 9 <1 + sin 9)
0= 2 <sin9 + 1)

sin 6 cotv = cos O sin 6
cotf = (1+sin0)

cos 9
cos 0O 2

= (1+sin0)

sinf cos®
cos? 0 = 2sin0 (1 + sin 0)
cos?0 = 2sin0 + 2sin? 0
1—sin?0 = 2sin® + 2sin? 0
3sin?0+2sinf—-1=0
(3sin6—1)(sin6+1) =0

sin 6 =§;sin9 =—-1
1

Adoptsin 0 = ;

~cscO=3;tanB =
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Therefore:

1000T

=— (tan® + secB8)?(1 + cscO)
1000m (v/2 32

=—3 (T-l_ 2 ) (1+3)
10001T

(V2) @

8000w ;

=—3 cm

69.Find the volume of the right circular cone of greatest volume which can be
inscribed in a sphere of radius 6 cm.
Solution:
Referring to the figure:

By Pythagorean Theorem:
r2 +y2 = 62
r2 = 62 — y2

From the volume of a cone:

T
V= §r2h
V=2(6—y)(6+y)
dv
& =316~y +(6+y)(-2y)]

Setting the derivative equal to zero:
62 —y? = 12y + 2y?
3y2+12y—36=0
y2+4y—12=0
y=2y=-6
Adopty =2 cm.

Therefore:
m
V= 5(62 —22)(6+2)

B 256m
3

3

cm

70.A lot 625 sq. m. in area is to be fenced on all four sides. Its dimensions
require the least amount of fencing. If the fence costs P 50.00 per linear
meter, what is the total cost?

Solution:
Referring to the figure:
A =xy =625
_ 625 y
A
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Therefore, the perimeter is:
P=2(x+y)

625
P=2<X+—)
X

dpP ) <1 625)
dx
Setting the derivative equal to zero:

Thus:
P = 2(25 + 25)
P=100m
Therefore:

P50
Cost = (100 m) <—>
m

Cost = P5000
71.A right circular cylinder having a volume of 1200 cu. cm is to be lined with

gold foil costing P 1.00 per sq. cm. on its curved surface and with silver foil
costing P 0.60 per sq. cm. at the top and bottom. Find its height for minimum

cost.
Solution:
Referring to the figure:
V = mr’h = 1200 cm?3
1200
h =

mr? Gold foil P 1.00/cm?
C = 2nrh(1) + 2mr2(0.6)
C = 2mrh + 1.2mr?

h Ssilverfoil P 0.60/cm?

0
) + 1.2mr? —e

120
C= an( >
o
2400
C= — + 1.2mr?
dC 2400
T + 2.47r

Setting the derivative equal to zero:

2400
2.41mr = >
r

2.4mr3 = 2400

5 1000

r° =——
T

r =6.827 cm
~h=8.193 cm
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72.A gasoline station selling x gallons of fuel per month has fixed cost of P 2500
and variable costs of 0.90x. The demand function is 1.50 - 0.00002x and the
station's capacity allows no more than 20,000 gallons to be sold per month.
Find the maximum profit.

Solution:
total income = x(1.50 — 0.00002x)
profit, G = x(1.50 — 0.00002x) — (2500 + 0.90x)
G = 0.60x — 0.00002x2% — 2500
Differentiating:

dG
— = 0.60 — 0.00004x
dx

Setting the derivative equal to zero:
0.00004x = 0.60
x = 15000
Therefore, the profit is:
G = 0.60(15000) — 0.00002(15000)2 — 2500
G=P2000
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INTEGRAL CALCULUS
1. Find the area in the first quadrant bounded by the coordinate axes and the
parabolic arc vx + ,/y = 1.
1 1
A. E . Z
1 1
B. p D. 5
2. Find the total area between the cubicy = 2x3 — 3x% — 12x, the x-axis, and
its maximum and minimum ordinates.
A.30.622 C.8.360
B. 41.983 D.50.344
3. Find the area between the curves x? = 2ay and x? = 4ay — a’.
a? a2
A. 5 C. "
a? a?
B. - D.—
4. Find the area of the ellipse given the equation x = acos ¢ and y = b sin ¢.
A. ma?b C. tab?
B. mab D. 2ma?b2
5. Find the area enclosed by the curve r = a cos 36.
A.maz/3 C.ma%/4
B.maz/6 D.ma?/12
6. The area under one arch of the sine curve revolves about the x-axis. Find
the volume generated.
A.m2/2 C.m/2
B.m?/6 D.2m2/3
7. The area bounded by the parabola ay = x?, the x-axis, and the linex = b is
revolved about the line x = b. Find the volume generated.
A. tb*/6a C.ma*/6b
B. mab*/12 D.m2b3/6a
8. Find the volume generated by revolving about the x-axis the area in the
second quadrant under the curve y = e*.
A m2/2 C.m/2
B.m2/6 D.2m2/3
9. Find the volume generated by revolving the area bounded the curve x3y =

1,y=0,x=1,x= 2; aboutx = 1.
A -m?/2 C.m/2
B. /4 D.2m2/3

10.Find the volume generated by revolving the area bounded by the curve

outside y = x2, and betweeny = 2x — 1 and y = x + 2; about y-axis.
A. 256m/15 C.31m/30
B.7m/2 D.227m /60
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11.Find the length of the curvey = Incosxfromx =0tox = E.

A. 0.8814 C.2.414
B. 0.3823 D.1.4436

12.Find the length of the curve of one branch of the curve 9y? = 4x3 from x =
0tox=3.
A.5.653 C. 12
B. 4.667 D.8.148

13.Find the length of the curve whose parametric equations are x = at? and
y = at?, fromt = 0 and t = /5.
A.10.764a C.12.407a
B.3.921a D. 5.405a

14.Find the length of the curve y = arcsin(e™), fromx = 0tox = In (Z)

A.0.5931 C.1.4427
B. 1.6861 D. 0.6931

15.Find the total length of the cardioid r = a(1 + cos 8).
A.8a C.16a
B.a D.2a/3

16.Given thatx = acos 0 and y = asin 6, find the surface area when revolved
about the y-axis.

A. 2ma? C. ma2
B. 4ma? D.2ma?/3

17.Find the surface area generated by revolving one arch of the cosine curve
about the x-axis.
A.14.424 C.3.141
B.16.153 D.2.571

18.Find the surface area generated by revolvingy = x? fromx=0tox = 2,
about the x-axis.
A.53.226 C.8.471
B. 33.332 D.16.666

19.Find the surface area generated by revolving an arch of the cycloid x =
a(6 —sinB),y = a(1 — cos 0) about its base.
A. 32ma? C. 64ma?
B. 64ma?/3 D. 16ma?/3

20.Find the surface area generated by revolving about y-axis that part of the
curve 6xy = x* + 3, from the minimum point to x = 2, about the y-axis.
A.13.959 C.18.216
B. 15.597 D.21.015
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21.Find the centroid of the area in the first quadrant under the curvey = 4 —
2

X~.
A. (5/8,3/4) C.(1/2,5/8)
B. (3/4, 8/5) D. (3/2,3/8)

22.Find the centroid of the area in the first quadrant under the arch of y =
sin G X) nearest the x-axis.

A. (m, t/8) C.(2m, t/8)
B. (m, /16) D. (3m/2, /4)

23.Find the centroid of the first quadrant area bounded by the curve r =
asin 26.
A.(128a/105, 128a/105) C.(128a/135,128a/135)
B. (128a/105, 128a/135) D. (128a/105m, 128a/105m)

24.Find the x-coordinate of the centroid of the volume generated by revolving
about x-axis the area in the second quadrant under the curve y = e*.
A.-1/2 C.-3/4
B.-1/4 D.-1/8

25.Find the centroid of the arc from cusp to vertex of the cycloid x =
a(6 —sinB),y = a(1 — cos0).
A. (4a/3, 2a/3) C.(2a/3, 2a/3)
B. (4a/3,4a/3) D. (2a/3,4a/3)

26.Find the moment of inertia of the area of the loop y? = x?(1 — x), with
respect to y-axis.
A.0.203 C.0.638
B.0.102 D. 1.489

27.Find the moment of inertia of the area under the curvey = sinx fromx = 0
tox = g, with respect to the y-axis.

A. 4.2832 C.3.1416
B. 2.1416 D.1.1416

28.What is the moment of inertia of the area bounded by the curve 2x? + 2x —
y — 2 = 0 and the line y = 2x, with respect to the line x = 1?
A.2.667 C.3.2
B.0.533 D. 4
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INTEGRAL CALCULUS SOLUTIONS
Area of Plane Figures

1. Find the area in the first quadrant bounded by the coordinate axes and the

parabolic arc vx + ,/y = 1.

Solution:
Referring to the figure:

We have:
dA =y dx
A= jydx

Jy=1-+x 1
y=(1-v%)’

Therefore:

A=f1(1—&)2dx
1

A= 3 square unit

- 1 -

2. Find the total area between the cubicy = 2x3 — 3x? — 12x, the x-axis, and

its maximum and minimum ordinates.
Solution:

Solve for the roots:
y = 2x3 — 3x% — 12x
Using MODE 5-4:

(-1.7)

y

(3.31,0)

3++v105
X, =———=3.31
4 187, 0)
3 —+v105
X, =——=-—1.81
4
X3 == 0

Then, solve for y’ and sety’ = 0:
y' = 6x% —6x—12
0=6x*—6x—12
Using MODE 5-3:

X1 =2,y =-20
X, ==1Ly=7
Then plot the curve:
Referring to the figure:
dA =y dx
0
A = f (2x3 — 3x%2 — 12x) dx
-1.81
A, =8.360

dx (0.0

(2,720)
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331
A, = f [0 — (2x3 — 3x? — 12x)] dx
0

A, =41.983
Therefore, we have:
AT == A1 + A2
At = 8.360 +41.983
1611
AT == ? == 50 344-

3. Find the area between the curves x? = 2ay and x? = 4ay — a’.

Solution:
Solving for the point(s) of intersection:
2ay = 4ay — a*
—2ay = —a?
!
=2
“X = *ta

Referring to the figure, we have:

dA = (y, —y,)dx
A= f(YZ —yp)dx

By symmetry:

a x3 |a
A=2 ZX_EIO
a2 a8
A=2|7-1m
2
A=z
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4. Find the area of the ellipse given the equation x = acos ¢ and y = b sin ¢.

Solution:
When x = 0:
X =acos@
0=acos@
cos@ =0
_m
*=32
When x = a:
X =acos@
a=acosq®
cosp =1
@=0
S x=acosg
y=bsing
We have:
dA =4y dx
y = bsing
X = acos @
dx = —asin@ do
Substituting:

0
A= 4]11 (b sin @)(—asin ¢ dg)
2

Z
A= 4abf sin? @ dg
0

A = mab

5. Find the area enclosed by the curve r = a cos 36.

Solution:
r fa| o0 _E —a| 0| a Ea 0 |—a
2 2
Tt s 2m| 3m | 5T
A e A e S e Bl el
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Plotting the points:
dA = lrzde
2
A= j r2de
2

1 (s
A=6 Ej (acosBG)szI
0

T

1 (s
A=6 —azj cos? 36d6]
2 0
0\
A=—a?
4a

Solids of Revolution
6. The area under one arch of the sine curve revolves about the x-axis. Find
the volume generated.

Solution:
Referring to the figure:
We have:
dV = my2dx J
V=mn f y2dx
m -2m/3 -mi3 dx m3 @ /3 T 41
V= T[f (sinx)?dx \
0
2 { A | ‘
V = — cubic units
2 dx

7. The area bounded by the parabola ay = x?, the x-axis, and the linex=b is

revolved about the line x = b. Find the volume generated.
Solution:
Referring to the figure: ' =
We have: |
dV = 2n(b — x)y dx

V=21Tf(b—x)ydx | : VZ%Z

b 2 ‘ ¥
V= 21'[f (b—x) <—> dx | . dx N
0 d | x=b

V2 b x3 x*]b

~“Ta’3 " 4a)o

Vo b b3 b*]

- on a 3 4a_
b* b*
V=2n|———
ﬂ_3a 4a]

nb* . :

V = —— cubic units

6a
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8. Find the volume generated by revolving about the x-axis the area in the
second quadrant under the curve y = e*.

Solution:
Referring to the figure: i
We have: )
dV = my?dx ]
V=m j y2dx /K
- - . = i} 5 @
dx

0
V= nj (e¥)2dx

—00 o
V=m- lim e?X dx

b-—

*Jp
Ve lim [ser|)
= lim 5]

1 1

— . i A0 _ — .2b
V=m blir—noo<2e 2 ¢ )

-3

\%
T
V= 5 cubic units

9. Find the volume generated by revolving the area bounded the curve x3y =
1,y=0,x=1,x=2;aboutx = 1.
Solution:

Referring to the figure:
We have:
dV =2n(x — 1)y dx

x*y=1

V= 21'[[()( — 1Dy dx : w\
=2

V= 21'[[ (x — 1) (x"3)dx 1 &

T
V = 1 cubic units

10.Find the volume generated by revolving the area bounded by the curve
outside y = x2, and betweeny = 2x — 1 and y = x + 2; about y-axis.
Solution:
Solve for the point of intersection:

3,5

2,4

y=x+2

y=2x—1
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x2=2x—-1
X2 —2x+1=0
x=Ly=1
X2 =x+2
x2—x—2=0
x=2;y=4
x=-1Ly=1
2x—1=x+2
Xx=3
Then plot the graph:
Referring to the figure, we have:
dV = mx?y dx
V= 21'rfxydx

Vi = Zﬂf x(y; —yp)dx

vV, = Zﬂf x[x? — (2x — 1)]dx

V_7
1—61'[

V, = T[f x(y; —y3)dx

3
V, = th x[(x+2) — (2x—1)]dx
2
v _7
2—31T
Therefore,
VT=V1+V2
v 7 +7
TTet 3T
7

Vr = E“ cubic units
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Arc Length
11.Find the length of the curvey = Incosxfromx =0tox = E.
Solution:
We have:

fj_

= Incosx
dy —sinx
— = = —tanx
dx COS X

Therefore:

%
s=f J1+ (—tanx)2dx
n
4
s=f 1+ tan? xdx
0

n
7

s = secxdx
0

s = ln(l + \/E)
s =sinh™ 11
s =0.8814

12.Find the length of the curve of one branch of the curve 9y? = 4x3 from x =
O0tox=3.
Solution:

d 3f 2= 4x3
s = j 1+ (—y) dx j = f\
dx j

|
|

,_231 |
Y =373%

Therefore,

3
szf V1 + xdx
0

14
T3
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13.Find the length of the curve whose parametric equations are x = at? and

y = at3, fromt = 0 and t = /5.
Solution:
We have:
o= )+
tT dt dt W= at?y = at3>
dx dy 5 i
E = 2at, a = 3at
dx 2 dy\?
) = a42¢2. () — 94244
(dt) datt '(dt) vatt
Whent = 0: ) : |
x=a(0)?->x=0;y=a(0)>>y=0
When t = /5:
X = a(\/g)z —»x="5ay= a(\/§)3 -y =5V5a
Therefore:

VB
s = f J4a?t? + 9a2ttdt
0

V5
s = af V4t2 4 9t4dt
0

335

S=—2,7 a

14.Find the length of the curve y = arcsin(e™), fromx = 0tox = In G)

Solution:

dy = Y arcsin(e™%)

y = arcsin(e™¥) |
When x = 0: o o
U
y = arcsin(e?) = >
When x =1n 1.25:
y = arcsin[e(-1n125)] = 0.9273

Since the function is decreasing, we must interchange the position of the

limits for integration to avoid negative result.
X

siny = e~
In(siny) = —x
x = —In(siny)
dx cosy
— = ———=—coty
dy siny
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Therefore:

Z
s = J1+ (= coty)2dy

0.9273
T

2
s=j V14 cot?ydy
0.9273

2
s=j cscy dy
0

9273
s =0.6931

15.Find the total length of the cardioid r = a(1 + cos 6).
Solution:

d 2 g "’r =a(1+ cos@)
ds ’ r2 + '
s = ’ rz +
j de

r =a(l+ cos6)

dr ing
g8 — asin

Therefore:
By symmetry:

s=2 fn\/[a(l + cos0)]? + (—asin©)?d6

TC
s = 2] \/az(l + cos0)? + a%sin?06do
0

TC
s = 2af J (1 + cos8) + sin2 6dO
0
s = 8a
Surface of Revolution

16.Given thatx = acos 0 and y = asin 6, find the surface area when revolved
about the y-axis.

Solution:
dA = 2mtx ds
A=21 j x ds

/ I x= nros&y asmé
A=2 j X\ () g \\
R (de) (dG)
We have:
dx . dy \ /
— = —asin®;—=acosO

do " do
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Thus,

A=2 Zﬂjz(a cos 6)\/(—a sin0)? + (acos0)%d6
0

2
A=2 21'[f azcosedel
0

A = 4ma?

17.Find the surface area generated by revolving one arch of the cosine curve
about the x-axis.

Solution:
dA = 2myds
= 21‘[ y ds /y'=msx
[:OI] / .
=2 1 ’/ ------
T[.[ Y + dX ; A
= COSX \
W_ .
ix sin x
Therefore:

ST

A:Zth cosx+/1 + (—sinx)2dx

RN

A= th cosx+/ 1+ sin? xdx

A= 14.42

18.Find the surface area generated by revolvingy = x? fromx=0tox = 2,
about the x-axis.

Solution:
dA = 2myds
A=2n f y ds
A=2m j y |1+ <
y =x’
dy
—~ =7
dx X
dy 2
) = 4x?
(dx) X
Therefore:

= an 21 + 4x2dx

A =53.226
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19.Find the surface area generated by revolving an arch of the cycloid x =
a(6 —sin0),y = a(1 — cos 0) about its base.

Solution:
Referring to the figure:
dA = 2mtyds
A= 21‘[] y ds ”“w‘sf;”'y:““‘c‘)s‘”
— ///
dx 2 dy\ > 3
e () (&
x = a(0 —sin06)
dx
i a(1 — cos0)
y =a(l —cosH)
dy .
i a(sin0)
Therefore:

2T
A= 211] a(1l — cos 6)\/[a(1 — cos 0)]? + (asin 6?)
0

2T
A = 2ma? (1 — cos 8),/(1 — cosB)? + sin2 6 d6

0
2Tt

A = 2ma? (1—cose)\/l—20059+00529+sin26d6
0

2T
A = 2ma? (1—cosB)V2-v1—cosbde

0

2Tt
A = 2+/2ma? (1 — cos 8)*/2de

0

A6t
31'[3

20.Find the surface area generated by revolving about y-axis that part of the
curve 6xy = x* + 3, from the minimum point to x = 2, about the y-axis.
Solution:

I
dA = 2myds i
I
—21'[ yds l
|
:
—21'[jx 1+ dx :
i 'ﬂf\\
6xy = x* + 3 - |
_X3+ 1 - . i 6xy =x*+3
Y=%6 T2x e e e
dy x* 1 . i i
dx 2 2x2 = : |
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For the minimum point, sety’ = 0:

x2 1 — 0o
2 2x%
x*—1=0
x= 41
Therefore:
2 x2 1Y)
A=2 1+|——=—] d
m fl X ( 5 2x2> X
A =13.959
Centroid
21.Find the centroid of the area in the first quadrant under the curvey = 4 —
x2.
Solution:

Referring to the figure:

For the x-coordinate:

AX = deA
AX = fx(y dx)
16 _ 2
—X= f x(4 — x?)dx
3 0
_ foz x(4 — x?)dx
T 16/3
_ 3
T
For the y-coordinate:
Ay = fydA

16__[2(4—x2)2d

37°), 7 2
2 (4 — x2)2

__fo( > )dx

Y =" 163

_ 8

Y=5

8

Therefore, the centroid is G’E)'
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22.Find the centroid of the area in the first quadrant under the arch of y =
sin G x) nearest the x-axis.

Solution:
Referring to the figure:

For the x-coordinate:

X= 8
X =21
For the y-coordinate:
Ay = f ydA
y
Ay = E(Y dx)
.1 W
4m(sin (=X
oo @)
0 2
1 cany . (1 )\
_ 5l (sm (ZX)) dx
y= 8
_ W
Y=3
Therefore, the centroid is (Zn, g)
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23.Find the centroid of the first quadrant area bounded by the curve r =

asin 20.
Solution:
V3 V3
r 0| =—5]lal| =510
2 @ 2 @
ol o ™ | T 0
6 |4 3 |2
Plotting the points:

Referring to the figure:

L
r = asin(28)

A—lfg( in 20)2d0 = —
—20 a Ssin —8

For the x-coordinate:

A>_(=fdi
S [IER
gX= | |grcos8) -or

T
n_ 12z
—xz—j (asin20)3 cos0do
8" 3)

12 . 3
__§f0 (asin26)*cos0d6
x= /8

_128a 0.388
* T 105 U0
For the y-coordinate:
A}‘/zfydA
o) L
gX= | (grsin6)-or
i
g 1 (2
—Xz—j (asin26)3sin 0 dO
8" 3,

12 . 3 .
__§f0 (asin20)?sin6d6
x= /8

_ 128a 0.388
STV i

Therefore, the centroid is (1283/1051.[ ) 1283/105“).
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24.Find the x-coordinate of the centroid of the volume generated by revolving
about x-axis the area in the second quadrant under the curve y = e*.
Solution:
Referring to the figure:

0 |

V=1ij2dx=ﬂj (ex)zdx=§
1-[ i | x
X = jﬁxyzdx Gadi
1_[_ 3 f Zd \m;:\k\
A SEniasns
1)_( — jxyzdx 3 2 v1|nl L 7
2
1 0 4
—X =j x(eX)? dx
2 —o00
1 0
=X = lim | xe®*dx
2 b—>—o b

Considering the integral on the right side of the equation:
Using integration by parts:
f xe?*dx

Let:
u=x;du=dx
1
dv = e**dx; v = Eezx
We have:
1 1
jxezxdxzzxezx—ifezxdx
1 1
Zxd — 2X _ T A2%
fxe X er 4e
Hence,
1__1_ [1 - 12XO
25T 2% T2 b
1 1 1 1
2% = im [(0-3) = (e~ 5]
1__ 1 0
25T Ty
_ 1
X=732
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25.Find the centroid of the arc from cusp to vertex of the cycloid x =
a(6 —sinB),y = a(1 — cos0).
Solution:
Referring to the figure:

x=a(@ —sinfh),y = a(l —cos )

We have:

6 e [
x = a(b — sin 9);% = a(1l — cos0)

— a(1 — o5 8); Y = a(sin®)
y=a cos 8); 75 = a(sin

T
S = f \/[a(l — cos 0)]? + a%?sin? 0d6O
0

s=4
For the x-coordinate:
Substituting:

TC
4% = f a(0 — sin 9)\/[a(1 — cos0)]? + a%sin?6d6
0

TC
4% = a2 f (0 — sin 9)\/[(1 — cos0)]? +sin?06d6
0

a? fon(ﬂ — sin8)+/[(1 — cos 8)]% + sin2 8 dO
4

For the y-coordinate:

T
4y = j a(1l — cos 9)\/[3(1 — cos0)]? + a%sin?6d6
0

T
4y = a2 j (1 — cos0)4/[(1 — cosB)]? + sinZ 6 dO
0

a’ f;(l — c0s 0)4/[(1 — cos0)]2 + sin2 8 dO
4

}_/:
_ 4

.. (4 4
Therefore, the centroid is (5 a,; a).
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Moment of Inertia
26.Find the moment of inertia of the area of the loop y? = x?(1 — x), with
respect to y-axis.

Solution:
Referring to the figure:
We have:

Iy = j x%y dx
By symmetry:

1
Iy, = Zf XZ(X\/]. —X)dx
0

1
Iy=2j x3v1 — xdx
0

I_64 st
y—315unls

27.Find the moment of inertia of the area under the curvey = sinx fromx = 0
tox = g, with respect to the y-axis.

Solution:
Referring to the figure: ¥ = sinx

We have:
Iy = szy dx | ‘

T
2 5 .
[, = x“sinxdx
0
Using integration by parts:
j x? sinx dx

Let:
u = x?%;:du = 2x dx
dv = sinx dx;v = —cosx

We have:
judv=uv—fvdu

sz sinxdx = —x? cosx+2fxcosxdx

Again, using integration by parts, let:
u=x;du =dx
dv = cosxdx; v = sinx
Again, we have:

fxzsinxdxz —x2 cosx+2[xsinx—Jsinxdx]

fxz sinxdx = —x? cosx + 2xsinx + 2 cos x

Therefore,

TC

> Tt

2

I-V:f x?sinxdx = [-x% cosx + 2xsinx + 2 cos x| éz
0

[, =m— 2~ 1.1416 units*

y
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28.What is the moment of inertia of the area bounded by the curve 2x% + 2x —
y — 2 = 0 and the line y = 2x, with respect to the line x = 1?
Solution:
Solving for the roots of the quadratic equation:
y =2x%*+2x—2

Using MODE 5-3: . i
C144E 2x72 4 2x-y-2 =0 1|2
X, = ——— = 0618 / { e
.
Xy = 17\6 = —1.618 . i
Now, solving for the point(s) of i
intersection: 3 ! x| |
2x% 4+ 2x— 2 =2x ' i
2x2—-2=0 :
2(x* 1) =0 : |
x=+1 =

Now, referring to the figure:

Ix=1 = f(l —x)?(y2 — yp)dx
1
ey = f (1 —x)?[2x — (2x% + 2x — 2)]dx
o
Loy = f (1 —x)?%(2 — 2x?)dx
-1

ey = = = 3.2 units*
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STATISTICS

SITUATION 1

Given: 12 34 45 23 87 91 121
1. Find the mean.

A. 54 C.59
B.57 D.61

2. Find the population standard deviation.
A.35.56 C.33.45

B.37.75 D. 38.21

3. Find the sample standard deviation.
A.40.78 C.41.22
B. 43.34 D. 44.34

4. How many 4 digit numbers can be formed using digits 1, 2, 3, 4, 6 and 7 if
the digits are distinct?

A. 360 C.400
B. 320 D. 420
SITUATION 2

The specification for a job calls for a class “B” mix with a minimum compressive
strength of 3,000 psi at 28 days. The result of 125 compressive tests are tabulated
in the following table.

28 days co.mpresswe Number of Tests
strength (psi)
2,800 2
2,900 4
3,000 6
3,100 11
3,200 24
3,300 37
3,400 19
3,500 12
3,600 6
3,700 4
5. The mean strength is:
A.3311.25 C.3414.34
B. 3289.6 D.3411.22
6. The standard deviation is:
A.185.33 C.183.23
B.195.22 D. 189.45
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SITUATION 3

A professor gives the following scores to his thirteen (13) students on a seventy
(70) item exam.

Number of 1 5 4 6
Students
Scores 30 |42 |50 |60
7. Find the weighted mean of the scores.
A.56.41 C.51.85
B.56.78 D.55.34

8. Compute the standard deviation.
A.8.12 C.9.13

B.10.12 D.8.33

9. Find the standard deviation of the following sets of numbers.

Data 21 33 45 14
Frequency 1 3 4 12
A.12.33 C.12.56
B.12.67 D.13.33

10.Four different colored flags can be hung in a row to make a coded signal.
How many signals can be made if a signal consists of the display of one or

more flags?
A. 64 C. 68
B. 62 D. 66

11.In how many ways can a bowling player score in one throw of a bowling ball
considering there are 10 pins?

A. 1,120 C.1,023
B. 720 D. 30,240

12.In how many ways can the letters in the word “MATHEMATICS” be

arranged?
A. 2,960,480 C. 4,098,240
B. 4,989,600 D. 9,296,800

13.Find the number of permutations of letters in the word “MEGAREVIEW”?
A. 604,800 C. 3,628,880
B. 30,240 D. 1,814,400

14.In how many ways can 10 trees be planted in a circular lot?
A. 362,880 C. 3,628,880
B. 432,112 D. 442,122
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SITUATION 4
Three boys and three girls sit in a row of 6 chairs.

15.In how many ways can they sit if boys and girls are always together?
A. 36 C.18
B.72 D. 144

16.In how many ways can they sit if the girls are always together?
A. 144 C.72
B. 100 D. 122

17.In how many ways can 3 marines and 4 armies be seated on a bench if the
armies must be seated together?

A. 544 C.576
B. 466 D. 624

18.An office building has 9 doors. In how many ways can a person enter and
leave by different doors?

A.56 C.72
B. 64 D. 64

19.In how many ways can you invite one or more of your five friends in a party?
A. 32 C.30
B.31 D. 29

20.During a board meeting, each member shakes hands with all other
members. If there were a total of 91 handshakes, how many members were
in the meeting?
A 12 C.13
B. 14 D. 15

21.How many 3-digit area codes are there for a telephone company if the 1st
digit may not be 0 or 1, and the second digit must be 0 or 1?

A. 160 C.140
B. 210 D.120

22.There are 5 main roads between cities A and B, and four between B and C.
In how many ways can a person drive from A and C and return, going
through B on both trips without driving on the same road twice?

A. 120 C. 240
B. 360 D. 440

23.0n a certain examination, the student must answer 8 of the 12 questions,
including exactly 5 of the first 6. In how many ways can he write the
examination?
A.110 C.120
B. 60 D. 240
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24.A consultancy company will hire twelve engineers: 7 of which are for the
structural engineering department (SE) and 5 for geotechnical engineering
(GE) department. In how many ways can the company choose from 9
applicants for SE and 6 applicants for GE?

A. 678 C.216
B. 324 D. 560

25.With 50 questions each of which has 4 given answers, how many possible
answer patterns are there?
A.1.27 x 1030 C.1.34x 1030

B.1.45x103° D.1.45x 1030

26.There are 2 replicas each of 4 different building model for exhibit. In how
many ways can they be arranged in the display?
A. 2340 C. 2520
B. 2321 D. 3410

27.Find the number of ways 2 macaroons, 4 marzipan and 6 coconut can be
given to 12 children if each child gets one sweet treat.

A. 12,300 C. 13,860
B. 11,200 D. 14,220

28.A construction company has 10 project managers (PE), 8 occupational
safety and health engineering (OSE) and 6 technical personnel (TP). If a
committee of 3 members, how many committees can be formed if one from
each group of PEs, OSEs and TPs?

A. 260 C. 480
B. 380 D. 360

29.How many triangles are determined by the vertices of a regular hexagon?
A. 40 C.20
B. 30 D. 10

30.If 15 people won prizes in the state lottery, in how many ways can these
people win first, second, third, fourth and fifth prizes?

A. 360,360 C. 235,360
B. 130,340 D. 245,660
SITUATION 5

There are 10 points A, B, C, ... ] on a plane.
31.How many triangles are determined by these points?
A. 120 C. 240
B. 720 D. 144

32.How many of these triangles contains the point A?
A. 44 C.36
B.18 D. 44
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33.In European Union confab, there are thirteen delegates: 3 from the Nordic
region, 4 from the Balkans, 4 from the Alps and 2 from the Baltic region. In
how many ways can the delegates sit in a round table where the same
regional representatives sit together?
A. 59,232 C. 42,122
B. 41,472 D. 45,122

34.There are 12 students in a class. In how many ways can the 12 students take
3 different tests if 4 students are to take the test?
A. 33,450 C. 34,650
B. 31,250 D. 35,450

35.How many 3 digit numbers (without repetition), each less than 500, can be
formed from the digits 1, 3,4 and 6 and 7.

A. 24 C.36

B. 18 D. 27
SITUATION 6
Alex timed 21 people in the sprint race, to the nearest second:
59 65 61 62 53 55 60
70 64 56 58 58 62 62
68 65 56 59 68 61 67

36.Find the mean.

A.61.00 C.61.33

B.61.38 D. 61.44
37.Find the median.

A.61.00 C.61.44

B. 61.50 D. 62.00
38.Find the mode.

A.61.00 C.61.44

B. 61.50 D. 62.00

39.In a class of 40 students. 27 like statistics and 25 like probability. How many
like both statistics and probability?

A 12 C.15
B. 18 D.21

40.In a club dinner for 40 engineers, 33 like to eat dinner with vegetables, and
20 like to eat dinner with fruits. How many engineers like to eat vegetables
and fruits with their dinner?
A. 12 C.13
B. 14 D. 15
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41.Ivan conducted a survey for 500 tele-viewers on what type of television
shows they watch in TV. The survey results are as follows:

115 watch soap opera 70 watch documentaries and live games
285 watch live games 50 watch documentaries and soap opera
195 watch documentaries 45 watch live games and soap opera

50 watch other type of shows

How many watch documentaries only?
A. 75 C. 85
B. 95 D. 105
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STATISTICS SOLUTIONS
SITUATION 1

Go to MODE 3[STAT] 1[1-VAR]
Input the given data

Press [AC]

1. To get the mean, X, the syntax is SHIFT 1[STAT] 4[Var] 2[X]
X= 59

2. To get the population standard deviation, oy, the syntax is SHIFT 1[STAT]

4[Var] 3[o,]
o, =37.75

3. To getthe sample standard deviation, s,, the syntax is SHIFT 1[STAT] 4[Var]
4[s«]
sy =40.78

4. To have four digit numbers with distinct digits, 4 numbers must be taken
from the given 6 digits by order:

nPr = 6P4 = 360

SITUATION 2

Go to MODE 3[STAT] 1[1-Var]

Turn on the frequency thru SHIFT MODE V¥ [Down Key] 4[STAT] 1[On]
Write down the data

X FREQ
2800 2
2900 4
3000 6
3100 11
3200 24
3300 37
3400 19
3500 12
3600
3700 4

Press [AC]

5. To get the mean, X, the syntax is SHIFT 1[STAT] 4[Var] 2[X]
X = 3289.6

6. To get the population standard deviation, oy, the syntax is SHIFT 1[STAT]
4[Var] 3[oy]
o, = 183.23
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SITUATION 2

Go to MODE 3[STAT] 1[1-VAR]

Turn on the frequency thru SHIFT MODE V¥ [Down Key] 4[STAT] 1[On]
Write down the data

X FREQ
30 1
42 2
50 4
60 6

Press [AC]

7. To get the mean, X, the syntax is SHIFT 1[STAT] 4[Var] 2[X]
X =51.85

8. To get the population standard deviation, oy, the syntax is SHIFT 1[STAT]

4[Var] 3[oy]
o, =9.13

9. Go to MODE 3[STAT] 1[1-Var]
Turn on the frequency thru SHIFT MODE V¥ [Down Key]| 4[Stat] 1[On]

Write down the data

X FREQ
30 1
42 2
50 4
60 6

Press [AC]

To get the population standard deviation, oy, the syntax is SHIFT 1[STAT]

4[Var] 3[o,]
o, =12.67

10.Code requires an ARRANGEMENT; therefore, permutation is the solution.

There are 4 possible cases.

There is only 1 flag to be used: 4P1 =4

There are 2 flags to be used: 4P2 =12
There are 3 flags to be used: 4P3 =24
There are 4 flags to be used: 4P4 =24

4P1 + 4P2 + 4P3 + 4P4 = 64

11.To get a score in bowling, the player must hit 1 pin, 2 pins, 3 pins up to 10

pins in no particular order (hence, combination is the solution)
10

z 10Cx=10C1+10C2 +---+10C10=1,023
x=1
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12.MATHEMATICS: M =2,A=2,T=2,H=1,E=1,1=1,C=1,S=1

11!
21X 2IXZIXLIX LIX 11X 1Ix1! 4,989,600

13.MEGAREVIEW:M =1,E=3,6=1,A=1,R=1,V=1,1=1,W=1
10!

ETHE 604,800

14.To get the number arrangement of the trees in the circular lot:
(m—1)'=(10-1)!=362,880

SITUATION 4
15.There are two cases possible:
Case 1: Boys sit on the first 3 seats; then, followed by the 3 girls
BBBGGG = (3!) (3)) =36
Case 2: Girls sit on the first 3 seats; then, followed by the 3 boys
GGGBBB = (3!) (3)) =36

Combine the two case, 36 + 36 =72

16.There are four cases possible:

GGGBBB, BGGGBB, BBGGGB, BBBGGG

The solution is 3! X 4! = 144. 3! because you can arrange the 3 girls within
themselves, 4! because you can arrange the 3 boys and girls (3 girls act as
one unit).

17.There are four cases possible:
AAAAMMM, MAAAAMM, MMAAAAM, MMMAAAA

Possible ways the armies are together:
4x4!x3!=576

18.You can enter one of the 9 doors, but you can exit on 8 other doors that you
did not enter.
9x8=72

19.5C1 +5C2 +5C3+5C4+5C5=31
20.C(n,2) =91 Use trial and error for the 4 choices, n = 14.
21.8x2x10=160
22.For Cities A and B: possible ways = 5P2 = 20; for B and C, possible ways =
4P2 =12
Possible ways = 20 x 12 = 240

23.6C5 x 6C3 = 120. (Note he must answer the 1st 5, so only 6 questions
remain, and he must answer only 3)

24.9C7 x 6C5 = 216

25.450 =1.27 x 1030

8 _ 2520

21x21x21%2!
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12!
21x41%6!

= 13,860

28.10C1 x8C1x6C1 =480

29.6C3 =20

30.15P5 = 360,360

SITUATION 5
31.10C3 =120

32.9C2 =36

33.The four regional delegates can be arranging in a circle in 3! ways. The
number of ways they can sit together = 3! x (3! x 4! x 4! x 2!) = 41,472.

12!
"41x41x 4!

= 34,650

35.We can use only 1, 3, 4 in the hundreds’ digit.
3x4%x3 = 36

SITUATION 6

For mean, median and mode problems, arrange the given data in increasing (or
decreasing order).

Go to MODE 3[STAT] 1[1-VAR]

Turn on the frequency thru SHIFT MODE V¥ [Down Key] 4[STAT] 1[On]

Write down the data

X FREQ
53
55
56
58
59
60
61
62
64
65
67
68
70

= N R, N R, Wy R, N NN R

Press [AC]

36.To get the mean, X, the syntax is SHIFT 1[STAT] 4[Var| 2[X]
X=61.38
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37.Say the total number of data is denoted as “n” which is equal to 21 in this
problem, then the value indicated in “(n + 1)/2” from lowest (or from
highest) is the median. The median is 61.

38.The mode of a set of data is the one with the highest frequency in the set.

The mode is 62.
39.
STATISTICS
PROBABILITY
(27 -x)+ x + (25-x) =40
x=12
40.
VEGETABLES
FRUITS
(33-x) + x+ (20-x) = 40
x=13
41.
LIVE GA

MENTARIES

50

N =500

For live games tele viewers alone:

285-(70-x)-x- (45-x) = 170 + X
For documentaries tele viewers alone:

195- (70-x)-x- (50-x) = 75 + x
For soap opera tele viewers alone:

115- (45—x)-x- (50—x) = 20 + x
For the tele-viewers of live games, documentaries and soap operas:

285 + (75 + x)+ (50-x)+ (20 + x) + 50 = 500;x = 20
Documentaries tele-viewer only:
75 +x =75+ 20 = 95

Notes:
For nPr, ENTER n SHIFT X r
For nCr, ENTER n SHIFT = r

Where n and r are whole numbers given thatn=>r
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PROBABILITY

1. The lotto uses numbers 1 to 42. A winning number uses 6 different numbers
in any order. What is your chance of winning if you bet one ticket?
A.1/4534568 C.1/6580668
B.1/5245786 D.1/2341668

2. Ifyouroll a pair of dice one time, what is the probability of getting a sum of
9?
A.1/9 C.1/4
B.1/6 D.1/3

3. Apointis selected inside a circle. Find the probability that the point is closer
to the center of the circle.
A.1/3 C.1/2
B.1/4 D.1/5

4. A die is constructed so thata 1 or a 2 occurs twiceasa 3,4 ora 6 and a 5
occurs thrice as a 1 or a 2. If the die is tossed once. Find the probability that
an even number will occur?
A.4/9 C.2/9
B.1/9 D.4/13

5. Ifthe odds against event E are 2:7, find the probability of success.
A.2/9 C.7/9
B.9/14 D.1/2

6. In a survey concerning the use of three different brand of calculator, it was

found that 55% use calculator A, 50% use calculator B, 40% use calculator
C, 30% use calculator A and B, 20% use calculator A and C, 12% use
calculator B and C and only 10% use all the three calculators. What
percentage of the population do not use calculators?

A 7% C. 6%

B. 4% D. 3%

SITUATION 1. Three machines A, B and C produce respectively 50%, 30% and 20%
of the total number of item of a factory. The percentages of defective output of
these machines are 3%, 4% and 5%.

7. If an item is selected at random, find the probability that the item is
defective.
A.0.037 C.0.012
B. 0.045 D. 0.047

8. Suppose an item is selected at random and found to be defective, find the
probability that the item was produced by machine A.
A.15/37 C.12/37
B.11/37 D.18/37

9. 0f 120 engineers surveyed, 60 are working in the academe, 50 are working
in the industry, and 20 are working both in academe and in industry. If an
engineer is chosen at random, find the probability that the engineer is
working either in academe or in industry.
A.1/4 C.1/2
B.3/4 D.4/5
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10.A pair of fair dice is tossed. Find the probability that the maximum of the
two numbers is greater than 4.

A.4/9 C.5/9
B.2/9 D.3/9
11.Three boys and three girls sit in a row. Find the probability that the 3 girls
sit together.
A.1/5 C.2/5
B.3/5 D.2/3

12.A fair coin is tossed 10 times. Compute the probability of getting at least 7
heads.
A.9/64 C.11/64
B.7/64 D.13/64

13.The probability of getting a credit in an examination is 1/3. If three students
are selected at random, what is the probability that at least one of them get
the credit?
A.2/3 C.19/27
B.20/27 D.7/9

14.In a basketball game, the free throw average is 0.65. Find the probability
that a player misses one shot of the three free throws?
A. 0.441 C.0.422
B. 0.444 D.0.451

15.What is the probability of getting at least 3 heads when a fair coin is tossed
6 times.
A.19/32 C.17/32
B.21/32 D.15/32

16.Find the probability of getting a prime number thrice by tossing a fair die 5
times.
A.0.4225 C.0.3125
B. 0.375 D.0.1626

17.A fair coin is tossed 10 times. What is the probability of getting 4 tails and 6
heads?
A.105/512 C.13/64
B.51/256 D.25/128

18.What is the probability of a family with 5 children of having 3 boys and 2
girls? Assume they have equal probability.

A.5/16 C.1/4
B.3/16 D.3/8
19.Find the probability that a person flipping a coin gets the 34 head on the 7t
flip.
A.0.1144 C.0.1172
B.0.1221 D.0.1344

20.Find the probability that a person tossing a fair coin gets the 15t tail on the

4t flip.
A.0.035 C.0.0012
B.0.0625 D.0.1122
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21.The probability that a student pilot passes a test for his private pilot’s
license is 0.7. Find the probability that a person passes the test before the

4th try,
A.0.973 C.0.812
B.0.922 D. 0.954

22.In a dice game, one fair die is tossed. The player wins PhP 20 if he rolls either
1 or a 6. He loses PhP 10 if he turns up any other face. What is the expected
winning for one roll of a die?
A.losing PhP 2 C. winning PhP 2
B.0 D. winning 1

23.An item cost distribution has a given function of the probability. What is the
expected cost?

Costin | Probability
Pesos
1 0.20
2 0.28
3 0.18
4 0.23
5 0.11
A.2.45 C.2.77
B.2.11 D. 2.89

24.A player tosses two fair coins. He wins PhP 1 if 1 head appears, PhP 2 if 2
heads appear. On the other hand, he loses PhP 5 if no heads appear.
Determine the expected value of the game.

A.-0.50 C.0.75
B.0.25 D.-0.25

25.A point is selected at random inside an equilateral triangle whose side is 3
units. Find the probability that its distance to any corner is greater than 1.
A.0.577 C.0.544
B. 0.597 D. 0.555

26.A player tosses a fair die. If a prime number occurs, he wins that number of
pesos. Otherwise, he loses that number of pesos. Find the expected winning.
A.1/6 C.-1/6
B.1/3 D.-1/3

27.A sample of 3 items is selected at random from a box containing 12 items of
which 3 are defective. Find the expected number of defective items.
A.1/2 C.3/4
B.4/5 D.3/8

SITUATION 2. On the average, a certain intersection results in 3 traffic accidents
per month.

28.What is the probability that in any given month at this intersection, exactly
5 accidents will occur?
A.0.0091 C.0.2112
B.0.1221 D.0.1008
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29.What is the probability that less than 3 accidents will occur?
A.0.4232 C.0.4442
B. 0.3322 D.0.4276

30.A typist makes 2 errors per page on the average. What is the probability that
the page she makes will have at least 4 errors?
A.0.1428 C.0.1234
B.0.2122 D.0.1122

31.Suppose 2% of the people on the average are left handed. Find the
probability that exactly 3 are left handed among 100 people.
A.0.1804 C.0.1791
B.0.1922 D.0.1167

32.Suppose 220 misprints are distributed randomly throughout a book of 200
pages. Find the probability that a given page contains 2 or more misprints.
A.0.301 C.0.299
B.0.276 D.0.223

33.0ne jar contains 4 white balls and 3 black balls and a second jar contains 3
white and 5 black balls. One ball is drawn from the second jar and is placed
unseen in the first bag. What is the probability that the ball now drawn from
the first jar is white?

A.35/64 C.33/64
B.31/64 D.19/64

34.Box A contains nine cards numbered 3 to 11, and Box B contains 5 cards
numbered 1 to 5. A box is chosen at random and a card is drawn. If the
number is even, find the probability that it came from box A.
A.9/19 C.10/19
B.11/19 D.21/19

35.During the board exam, there were 350 examinees from Luzon, 250 from
Visayas, and 400 from Mindanao. The results of the exams revealed that
flunkers from Luzon, Visayas and Mindanao are 3%, 5% and 7%. If a name
of a flunker is picked at random, what is the probability that it came from
Mindanao?
A. 0.549 C.0.553
B. 0.581 D. 0.567

36.A class contains 10 men and 20 women at which half the men and half the
women have brown eyes. Find the probability that a person chosen at
random is a man or has brown eyes.

A.1/3 C.1/4
B.1/6 D.2/3

37.The probability that A and B hits a target are 1/4 and 2/5 respectively. If
they shoot together, what is the probability that the target will be hit.
A.11/20 C.1/2
B.9/20 D.7/20

38.The statistics of a machine factory indicates that for every 1000 unit it
produces, there is one reject unit. If a customer buys 200 units, what is the
probability that it will have at least one reject unit.
A.0.1233 C.0.1814
B.0.2311 D.0.3122
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39.A bag contains 3 white balls and 5 red balls. If two balls are drawn at random
in succession without returning the first ball drawn, what is the probability
that the balls drawn are both red?

A.3/14 C.1/3
B.5/14 D.3/7

40.A bag contains 3 white and 5 black balls. If two balls are drawn in succession
without replacement, what is the probability that both balls are white?
A.1/14 C.3/28
B.4/7 D.5/28

41.An urn contains 4 black balls and 6 white balls. What is the probability of
getting1 black and 1 white ball in two consecutive draws from the urn?
A.8/15 C.7/15
B.6/15 D.4/15

42.Three light bulbs are chosen at random from 15 bulbs of which 5 are
defective. Find the probability that none is defective.
A.23/91 C.24/91
B.20/91 D.33/91

43.A pack of cards contains 52 cards: 13 spades, 13 clubs, 13 hearts and 13
diamonds. Of the 52 cards, 4 are aces one from each suit. The hearts and the
diamonds are colored red, the spades and clubs are black. Four cards are
drawn from the pack, each card being returned to the pack before the next
card is drawn. Find the probability that all are clubs.

A 1/4 C.1/100
B.1/256 D.1/512

44 Refer to problem 43. If 5 cards are drawn simultaneously, find the
probability to get all the 4 aces.
A.1/54145 C.2/54145
B. 4/54145 D.9/54145

45.A fair die is tossed 8 times. What is the probability of obtaining the faces 5
and 6 twice and each of the other once.
A. 0.004 C.0.005
B.0.006 D. 0.007

46.The painted light bulbs produced by a company are 50% red, 30% blue and
20% green. In a sample of 5 bulbs, find the probability that 2 are red,1 is
green and 2 are blue.
A.0.07 C.0.08
B.0.09 D.0.10
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PROBABILITY SOLUTIONS
1. 1/42C6 = 1/5,245,786

2. The possible sums (2, 7), (7, 2), (4,5), (5,4)
Probability =4/ (6 x6) =4/36 =1/9

3. Consider R = 2r to assure the points within the bigger circle can be
differentiated as near or away the center of the circle.

A .
Probability of being closer to the center = —=2iereirde

bigger circle
Tir? 1

m(2r)? "4

4. Letx = probability of getting either 3, 4 or 6.
Then, probability of getting either 1 or 2 is 2x.
Furthermore, probability of getting 5 is 3(2x) = 6x.

P(1)+P(2)+PB)+P4)+P(B)+P(6)=1
2X+2x+x+x+6x+x=1

_1
=13
Hence,
P1—2 P2—2 133)—1 P4—1 PS—6 P6—1

The even numbers area 2, 4, and 6. Then, the probability of getting an even

number is:

2 1 1 4
P(even) = P(2) + P(4) + P(6) = 3 + ] + G133

5. 5/(2+7)=17/9

6. The sum of users of calculator = 15% + 20% + 10% + 10% + 18% + 2% +
18% =93%

% that do not use calculator = 100 - 93 = 7%

EGAREVIEW AND TUTORIAL CENTER 263

.M
Visit For more Pdf's Books
Pdfbooksforum.com



Visit For more Pdf's Books
Pdfbooksforum.com

CIVIL ENGINEERING MATHEMATICS BOARD EXAMINATION REVIEW BOOK

SITUATION 1
7. Probability that item is defective = 50% (3%) + 30% (4%) + 20%(5%) =

0.037

P (produced by machine A and defective) = 50% x 3% = 0.015
P (produced by machine A given that it is defective) = 0.015/0.037 =

15/37

Probability of Engineers Working in Academe or in Industry = (40 + 20 +
30)/ 120 =3/4

N=120

10.There are 2 cases: (a) The first number should be 5 or 6 and the last number

could be any number; and (b) The last number should be 5 or 6 and the first
number could be any number.
Here are the possible pairs:

5-1 15 6-1 1-6

5-2 2-5 6-2 2-6

5-3 3-5 6-3 3-6

5-4 4-5 6-4 4-6

5-5 6-5 5-6
6-6

Probability (maximum of two numbers greater than 4) = 20/36 =5/9

11.Probability that the 3 girls sit together = Number of ways the 3 girls sit

together/ Number of ways the 6 people sit in a row

Number of ways the 3 girls sit together =41 x 31 =144
Number of ways the 6 people sit in a row = 6! =720

Then, probability that the 3 girls sit together = 144 /720 =1/5

12.Let p = P(H) and q = P(T). Since the coin is fair, p=q=0.50

PX=r)=nCr-p"-q" "
P(X>7)=P(X=7)+P(X=28)+PX=9)+P(X=10)
10 10

P(X>7) = Z(nCr T Q) = Z 10Cr(0.50)(0.50)10-

X=7

11
PX27) =)
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13.Let p = P(Credit) and q = P(No credit)
PX=r)=nCr-p"-q""
PX=>1)=PX=1)+PX=2)+PX=23)
3 3

P21 = Y e = 3ee(5) (3

19

3-r

14.Let p = probability of shooting = 0.65; q = probability of missing a shot =
0.35
When a player misses one shot, the other two should be a made basket.
PX=r)=nCr-p"-q" "
P(X = 2) = 3C2(0.65)(0.35)372
P(X=12)=0.4436

15.Let p = P(Head) and q = P(Tail). Since the coin is fair, p=q=0.50
PX=r)=nCr-p"-q""
PX=>3)=PX=3)+PX=4)+PX=5)+PX=06)
6 6

P(X>=3) = Z(nCr pr-q*h) = z 6Cr(0.50)"(0.50)6° "
X=3 r=3
P(X>3) = 21
-7 32

16.Let p = probability of getting prime number = 0.50, q = probability of
getting not a prime number = 0.50
PX=r)=nCr-p"-q""
P(X = 3) = 5€3(0.50)3(0.50)°73

5
P(X=3) =7 =0.3125

17.Let p = probability of getting head = 0.50, q = probability of getting tail =
0.50
PX=4)=nCr-p"-q" "
P(X = 4) = 10C4(0.50)*(0.50)10-*

105

18.Let p = probability of having a boy = 0.50, q = probability of having a girl =
0.50
PX=r)=nCr-p"-q" "
P(X = 3) = 5€3(0.50)3(0.50)573

5
P(X=3) =—-=0.3125

19.Let p = probability of getting head = 0.50, q = probability of getting tail =
0.50
In this problem, the 37 head is assured to be located at the 7t flip. The first
2 heads are randomly occurred on the first 6 flips.
P(3rd head on the 7th flip) = [6€2(0.50)?(0.50)472](0.50) = 0.1171875

20.Let p = probability of getting head = 0.50, q = probability of getting tail =
0.50
In this problem, the 1st tail is assured to be located at the 4t flip. The first 3
toss gives all heads.
P(1st tail on the 4th flip) = [3€3(0.50)3(0.50)373](0.50) = 0.0625
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21.There are 3 Possible Outcomes:

Case Probability
If the pilot passed the test on the first try 0.7
If the pilot failed the first try and passed on ] _
the second try [1-0.7](0.7) = 0.21
If the pilot failed the first two try and passed [1-0.7] [1-0.7] (0.7) =

on the third try 0.063
Probability the pilot passed the written test before the 4th try = 0. 7 + 0.21
+ 0.063 =0.973
22.
Event Probability, p | Consequence, x
Getting 1 or 6 2/6 20
Getting other numbers 4/6 -10

2 4
Expectation = 2 pixi =7 (20) + 3 (-10) =0

23.Expected Cost = Y pixi = 1(0.2) + 2(0.28) + 3(0.18) + 4(0.23) + 5(0.11) =

PhP 2.77
24.
Event Probability, p Consequence, X
Getting 2 P(X = 2) = 2€2(0.50)?(0.50)%72 PhP 2
Heads P(X=2)=0.25
Getting 1 P(X = 1) = 2C€1(0.50)*(0.50)%°1 Pho 1
Head P(X = 1) = 0.50 P
: : P(X = 0) = 2€0(0.50)°(0.50)%7° ]
Getting Tail P(X = 0) = 0.25 PhP 5

Expected Cost = Y pixi = 2(0.25) + 1(0.50) - 5(0.25) =-0.25

25.To assure that the point is greater than 1 from any corner, the circular sector
of radius 1 is constructed from the corners. The gray region is the area at
which the point has a distance greater than one from any corner.

60°

Probability that distance is greater than 1 from any corner = Area of the
Gray Region/ Area of the Triangle

Area of the 3 sectors =  (r26)(3) = = (12) (60“) @) ==

rea of the secors-z\/r_ \/:2 \/_180 =3

s2v/3  3%2y3  9V3
A f the Triangle = = =
rea of the Triangle 2 2 2
93 _m
Probability (distance greater than 1 from any corner) = 49—\/?_’2 = 0.597
4
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26.
tflaeclgi(;fe Probability | Consequence
1 1/6 -1
2 1/6 2
3 1/6 3
4 1/6 -4
5 1/6 5
6 1/6 -6

NOTE: Negative sign is affixed when the face of dice is 1, 4 and 6 because
they are not prime numbers. Hence, the consequence is they will lose money

when these number appears.

Expected Winnings = 1/6(-1) + 1/6(2) + 1/6(3) + 1/6(-4) + 1/6(5) -

1/6(6) =-1/6
27.
Event Nl[l)r:fte)iz:f Probability
Theil‘tee i::g)t:iifsgtive 0 (3€0)(9C3)/12C3 = 84/220
There isotgaﬁieggive item 1 (3C1)(9C2) /12C3 = 108/220
Thei:: ;zeolz)ti?rfli‘;ﬁ"e 2 (3C2)(9C1) /12C3 = 27 /220
e || acyeo iz = 1y

Expected number of Defective Items = 0(84/220) + 1(108/220) +

2(27/220) + 3(1/220) = 3/4

SITUATION 2
28.Apply Poisson’s Distribution formula:
e " (W)*
P(x) =
x!
e—3(3)5
P(x=3) = T 0.10082

29.Apply Poisson’s Distribution formula:
2

P(X<3)= Z 6_3)((!3))( = 0.4232

x=0

30.Apply Poisson’s Distribution formula:

3 e—Z(Z)X
P(xz4)=1—P(x<4)=1—Z —— =0.1428
~ X
31.p = 0.02(100) = 2
e—2(2)3
P(x=3) = ——=0.1804
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32.u=220/200=1.1
P(2 or more misprints) = 1 — P(0 or 1 misprint)

e 11(1.1)*
P(2 or more misprints) = 1 — z - 0.301

x=0
33.
)
L
e
Jar 1 RN 5/
5 White Balls
‘o&@&%@ 3 Black Balls w,_
Jar 2 ST38 ) -
3 White Balls
5 Black Balls R
) 0"’% 5/8 - (
a// | ‘o\\_\s&
b Jarl | ey
4 White Balls
4 Black Ball Blagg o 14/8
S‘dr "
- J
robapility of getting white Irom elrs]ar_88 ~(5) ==
34.
(e LU
AV
o
BOXA  |oe™ 4/9
. %xxoseﬁ‘ i3.4.5; 6“7} 8,9, 10, Bz N er5/9 -
2\ Y’\ 18 Dra
s 22t % Y, N
BOX A
BOX B PR -
J GQ.}» 1/2 . E@}“
K R G
S, Jar 1 w2/
{1,2,3,4,5} OddN“mbe ./5
T js Dr
S
robability of getting even num er_212 (%) =42
i i 2(5) _10
Probability that this number came from Box A = =15
45
35.Probability of picking a flunker:
P(F) = 3%%350 + 5%x250 + 7%x400 51
) 350 + 250 + 400 1000
P(MNF) = 7%x400 7
350 + 240 + 400 = 250
P(MNF) 355
P(M|F) = _ — 0.549
M= "5y = 51
1000
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36.P(man) = P(M) =10/30; P(brown eyes) = P(BE) =1/2
10
P(M U BE) = P(M) + P(BE) — P(M n BE)
1 1 2

10
P(MUBE)=%+E—E=§

37.Probability of hitting the target = (1/4)(3/5) + (3/4)(2/5) + (1/4)(2/5)
=11/20
Note: A hit, B miss + A miss, B hit + A hit, B hit =11/20
38.Probability of getting a reject = 1/1000
Probability of getting a non-reject =999/1000
Probability of getting at least one reject =1 - (999/1000)200 = 0.18135
39.P = (5C2)/(8C2) =5/14
40.P = (3C2)/(8C2) =3/28
41.P = (4C1 x 6C1)/(10C2) =8/15

42.P = (10C3)/(15C3) = 24/91 (Note: Choose 3 out of 15 - 5 = 10 non-
defective)

43.(13/52) x (13/52) x (13/52) X (13/52) = 1/256
44.P = (4C4) x (48C1)/(52C5) = 1/54145

45.
2 1 1 1

o (352 1?1; 1 1) B (%)2@ (é) (%) (%) (%)1 B 2!?2!(%)

P = 0.006

8

~ 5842

46.
P=( > )= (057200302 == (0.5)*(03)"(0.2)" = 0.09
_<2;1;2)_(')(')(')_2!><1!><2!(')(')(')_'
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